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This paper presents the investigation of laminar natural convection in 3D vertical cylindrical annulus
containing electrically conductive fluids under a horizontal magnetic field. The model was composed of
two isothermal coaxial cylinders. Both ends of the cylinders were supposed adiabatic and all walls were
assumed electrically insulated. Complex nonlinear governing equations were solved numerically by
means of the finite volume method. The effects of different parameters such as the strength of the
magnetic field, the radii ratio, aspect ratio, and Prandtl number on the temperature distribution, average
Nusselt number, distribution of Lorentz forces as well as induced electric field were investigated. Results
showed that for aspect ratios lower than about 1, the average Nusselt number increased as aspect ratio
was increased. When aspect ratio was greater than about 1, the average Nusselt number decreases as
aspect ratio was enlarged. Moreover, results showed that the average Nusselt number increased as radii
ratio was increased. Results also revealed that a stronger magnetic field was needed to achieve pure
conduction in the case of thick annulus. The presence of magnetic field induced an electric field which
affected the Lorentz force. Distributions of Lorentz force and induced electric field indicated respectively
the formation of Hartmann and Roberts layers. Furthermore, the average Nusselt number increased with
increasing Prandtl number at all Hartmann numbers. It was also found that with increasing Hartmann
number, the effect of Prandtl number on the average Nusselt number decreased.

© 2017 Elsevier Masson SAS. All rights reserved.
1. Introduction

Nowadays, magnetic fields are widely used in most important
industries. In cooling or heating applications, increasing the heat
transfer is considered by the magnetic field. For this purpose, re-
searchers have also introduced magnetic nanofluids [1e7]. In some
heat transfer applications, magnetic fields are for nuclear reactor
cooling systems, pumping, stirring, and levitation of magnetic
materials [8e11]. Magnetic fields also could be employed to
attenuate the fluid flows caused by natural convection [12e14].

During crystal growth processes, the temperature gradient in
the melt, which is due to the temperature difference between the
solid wall of the container and the melt, causes Buoyancy forces in
the melt. In most practical cases, the random and irregular motions
caused by this effect lead to microscopic inhomogeneity of the
manufactured materials. Hence, in such applications, reduction of
convection heat transfer is of great interest. As mentioned above,
asoud_afrand@yahoo.com.

erved.
the use of magnetic fields is an effective method to reduce this type
of heat transfer in electrically conducting fluids. Since the in-
teractions between the magnetic field and the fluid flow cause
Lorentz forces, which always oppose the direction of fluid motion.
Nonetheless, the magnetic fields can also cause electric potential,
which counteracts the Lorentz forces. Hence, the induced electric
potential can negatively affect the desired objectives of the mag-
netic field [15,16].

Since magnetic control of fluid flows in annulus can be used in
different applications, the convection heat transfer in fluids subject
to magnetic fields has been intensely studied. For instance,
Mozayyenin and Rahimi [17] numerically investigated the mixed
convection heat transfer in cylindrical annulus of constant wall
temperature subject to a radial magnetic field. Different combina-
tion of dimensionless numbers including Reynolds number, Hart-
mann number, Rayleigh number, Eckert number, and the ratio of
the annulus gap width was considered in their study. Their nu-
merical results indicated that the fluid flow and heat transfer were
significantly suppressed by applying the magnetic field. Teimouri
et al. [18] numerically studied free convection in a long horizontal
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Nomenclature

A aspect ratio
B magnitude of the external magnetic field ðkg=s2AÞ
D annulus gap (D ¼ ro � riðmÞ)
E dimensional induced electric field ðmkg=s3AÞ
E* dimensionless induced electric field
F Lorentz force ðN=m3Þ
F* dimensionless Lorentz force
g acceleration due to gravity ðm=s2Þ
H height of the annulus
Ha Hartmann number
J electric current density ðA=m2Þ
n normal vector (m)
Nu Nusselt number
p pressure ðN=m2Þ
P dimensionless pressure
Pr Prandtl number
Ra Rayleigh number
T dimensional temperature ðKÞ
T* dimensionless temperature
ðr; zÞ radial and axial co-ordinates
ðR; ZÞ dimensionless radial and axial co-ordinates

ðri; roÞ radii of inner and outer cylinders ðmÞ
ðu; v;wÞ dimensional velocity components in ðr; q; zÞ direction

ðm=sÞ
ðU;V ;WÞ dimensionless velocity components in ðr; q; zÞ direction
ðx; y; zÞ Cartesian co-ordinate components

Greek letters
a thermal diffusivity ðm2=sÞ
b fluid coefficient of thermal expansion ð1=KÞ
4 dimensional electrical potential ðm2kg=s3AÞ
F dimensionless electrical potential
g inclination angle
l radii ratio
m dynamic viscosity ðkg=msÞ
q azimuthal angle
r fluid density ðkg=m3Þ
s fluid electrical conductivity ðs3A2=m3kgÞ

Subscripts
c condition at cold wall
h condition at hot wall
i inner cylinder
o outer cylinder
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cylindrical annulus filledwithmolten potassium exposed to a radial
magnetic field. Their results revealed that with increasing radii
ratio, the influence of magnetic field on free convection decreased.
Sankar et al. [19] studied the effect of magnetic field on natural
convection between two vertical concentric cylinders. Their study
was performed on electrically conducting fluid with Prandtl
numbers of 0.054 subject to axial and radial magnetic fields of
constant strength. The temperatures of the inner and outer cylin-
ders were kept constant. They used numerical approaches and
demonstrated the effect of Rayleigh and Hartmann numbers on the
isotherms and streamlines. Their results also indicated that in
shallow annuluses the natural convection was repressed more
effectively by an axial magnetic field, while in tall annuluses a radial
magnetic field is more impressive. Wrobel et al. [20] conducted
experimental and numerical studies on the fluid flow and heat
transfer of a paramagnetic fluid between two vertical cylinders
subject to a magnetic field. They concluded that the effect of
Hartmann number on heat transfer was four times stronger than
that of the Rayleigh number. Kabier et al. [21] analytically studied
the heat and mass transfer in an impenetrable horizontal cylinder
containing a non-Newtonian fluid in a porous media. The studied
cavity was subject to a horizontal magnetic field. Many assump-
tions were made in their work, and the effect of different param-
eters including the strength of the magnetic field was investigated.
Venkatachalappa et al. [22] studied the effect of radial and axial
magnetic field on convection heat transfer and mass transfer in a
hollow vertical cylinder using numerical methods. They demon-
strated the effect of Hartmann number on isotherms as well as
streamlines when subjected to radial or axial magnetic fields.
Kumar and Singh [23] investigated the effect of radial magnetic
field on laminar natural convective a viscous electrically conducting
fluid between two concentric vertical cylinders. They observed that
the fluid velocity and induced magnetic field were reduced with
augmenting Hartmann number. Their results showed that this
decreasing was more when one of the cylinders is conducting
compared towhen both cylinders are non-conducting. Kakarantzas
et al. [15] studied the unsteady state effect of a constant horizontal
magnetic field on a specific vertical annulus (with specific
dimensions), and demonstrated the effect of magnetic field on
isotherms and velocity. Numerical methods were used in their
studies, and the Prandtl Number of the modeled fluid was 0.0321.
According to their results, applying a magnetic field causes an
electrical field, eliminating symmetry in the tangential direction.
Afrand et al. [24] numerically investigated natural convection of
electrically conducting fluid in an inclined cylindrical annulus un-
der various magnetic fields. Their results revealed that the effect of
transverse magnetic field on the average Nusselt number is more
effective than that of the axial magnetic field. Further, Afrand et al.
[25] performed 3D numerical simulation of natural convection of
molten potassium in an inclined cylindrical annulus exposed to a
magnetic field. They reported that a magnetic field can control the
natural convection of molten potassium. Their results also revealed
that the direction and strength of the magnetic field could have
different effects on the suppression of natural convection. They also
observed that increasing the strength of the magnetic field caused
the loss symmetry.

According to the literature review, most studies have been
conducted to examine the conditions that the induced electric
potential caused by the magnetic field was not created or consid-
ered. Moreover, the effect of different parameters on various as-
pects of heat transfer and fluid flow in a vertical annulus under
magnetic field were investigated, while their effects on the distri-
bution of Lorentz forces and the induced electric potential were not
considered. Hence, in the present study, the effect of different pa-
rameters such as the strength of the magnetic field, the radii ratio,
length of annulus, and Prandtl number on the temperature distri-
bution, distribution of Lorentz forces as well as induced electric
field is investigated.

2. Mathematical formulation

In the present study, laminar natural convection heat transfer in
3-dimensional vertical cylindrical annuluses containing an elec-
trically conductive fluid is investigated. The studied annulus are
composed of cylinders with inner and outer radii as well as height
of ri, ro, and H, respectively, as illustrated in Fig. 1. Since numerous



Fig. 1. Schematic of the present model.
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studies in the literature have addressed the effect of Rayleigh
number on heat transfer, the present study was conducted using a
fixed value of Rayleigh number (Ra ¼ 105). The boundary condi-
tions in our study included constant temperatures of the inner and
outer walls, represented by Th and Tc, respectively, such that Tc < Th,
as well as two base walls of the annuluses with adiabatic condi-
tions. Moreover, it was assumed that all walls are electrically
insulated. In Fig. 1, B is a horizontal magnetic field with constant
strength.

The governing equations on unsteady and laminar flow of
electrically conducting fluid in the three-dimensional cylindrical
coordinates ðr; q; zÞ, by using the Boussinesq approximation, are
expressed in the following. The continuity equation is as below,

V
!
:V
!¼ 0 (1)

where V
!

is the vector of velocity. The momentum equation is

�
V
!
:V
!�

V
!¼ �1

r
V
!
pþ nV

!2
V
!þ g!þ F

!
(2)

in which t, p, r and n are respectively time, pressure, density and
kinematic viscosity. g! is the vector of gravity and F

!
is Lorentz

force. Energy equation is expressed in the form of Eq. (3) by
neglecting the viscous and ohmic dissipations.

�
V
!
:V
!�

T ¼ aV
!2

T (3)

T is temperature and a is the thermal diffusion. Electric potential
equation is as following:

V24 ¼ V
.

:
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.
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.
:
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(4)

in which B
.

is the vector of magnetic field. Since the constant
magnetic field is considered in this study, the term of V

.
:ðV. � B

.Þ
becomes zero.

Electric current density, Lorentz force and the induced electric
field, are obtained by Eq. (5):

J
. ¼ s

�
E
.þ V

.� B
.
�
; E

. ¼ �V
.

4 and F
. ¼ J

.� B
.

(5)

where J
.
, s and 4 are respectively electric current density, fluid
electrical conductivity and electric potential. Moreover, E and F are
respectively induced electric field and the Lorentz force. The gov-
erning equations could be non-dimensional employing the
following parameters:

U ¼ uD
a
; V ¼ vD

a
; W ¼ wD

a
; R ¼ r

D
; Z ¼ z

H
; A ¼ H

D

P ¼ pD2

ra2
; T* ¼ T � Tc

Th � Tc
; F ¼ 4

Ba
; E* ¼ ED

Ba
; F* ¼ FD

sB2a

(6)

where D is the characteristic length and is equal to (ro-ri).
Substituting these parameters in Eqs. (1)e(4) gives the dimen-
sionless form of the governing equations. Dimensionless continuity
equation is obtained as

vU
vR

þ 1
R
vV
vq

þ 1
A
vW
vZ

¼ 0 (7)

Dimensionless momentum equations are as follows.
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q component:
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z component:



Fig. 2. An adapted structured grid on the annulus.
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Dimensionless energy equation and dimensionless electric po-
tential equation are indicated in Eqs. (11) and (12) respectively:

U
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where, Ra and Pr are defined as follows:

Ra ¼ gbðTH � TCÞD3

ya
; Pr ¼ y

a
(13)

The effect of the magnetic field is introduced into the mo-
mentum and potential equations through the Hartmann number.
The Hartmann number is known as:

Ha ¼ BD
ffiffiffi
s

m

r
(14)

The local and average Nusselt numbers along the inner cylinder
are defined as follows:

Nu ðq; ZÞ ¼ vT*

vR

				
R¼Ri

; Nu ¼ 1
2p

Z2p
0

ZA
0

Nu ðq; ZÞ dZdq (15)

where A is the aspect ratio and is equal to H/D.
Regarding the boundary and initial conditions, velocities are

assumed zero on all walls based on No-slip conditions. Constant
temperatures at outer ( T*

o ¼ 0) and the inner (T*
i ¼ 1) cylindrical

walls are considered. Adiabatic conditions are assumed at the top
and bottom walls (vT*=vZ ¼ 0). All walls are also presumed to be
electrically insulated (vF=vn ¼ 0). Moreover, t, T*, U, V and W are
assumed zero at initial time.

3. Numerical procedure

To attain the velocity field Lorentz force, mass and momentum
conservation equations should be solved. Then, Eqs. (11) and (12)
must be solved by substituting the velocity field obtained in the
previous step. After that, the distributions of temperature and
electric potential are calculated that lead to obtain the electric
current density by Eq. (5). Finally, Lorentz force and buoyancy force
could be determined and replaced again in momentum equation.

As we know, complex nonlinear governing equations should be
solved numerically by means of the finite volumemethod (FV). The
central difference method is used for discretizing diffusion terms.
The use of this method for convective terms causes divergence or
unrealistic answers in some cases. Therefore, hybrid approach is
used to discretize the convection terms that combines central dif-
ference and upstream methods. A staggered grid system, in which
the velocity components are stored midway between the scalar
storage locations, is used. In order to couple the pressure and ve-
locity field in the momentum equations, the SIMPLER algorithm is
approved for solving the coupled equations [26].
4. Grid independency and results verification

4.1. Grid independency

In order to obtain a grid-independent solution, different grids
were studied and the optimal grid was selected. To this end, a case
with expected maximum temperature gradients and velocities was
selected, on which the mesh-independency analysis was carried
out. Hence, an annulus with A ¼ 1, l ¼ 2 and Pr ¼ 0:072 was
evaluated in the absence of magnetic field. Initially, attempts were
made to determine the optimal number of meshes for the grid in
directions r, q, and z, respectively represented by Nr, Nq, and Nz (see
Fig. 2). After determining the optimal number of meshes in the grid
for different directions, the dimensionless axial velocity (W) as well
as the dimensionless temperature (T*) on the line of symmetry of
the annulus (Z ¼ A/2) were compared for three different grids. As
shown in Fig. 3, the difference in the results of 40� 60� 40 and



Fig. 3. Profiles of dimensionless axial velocity (left) and dimensionless temperature (right) for different grids (A ¼ 1, l ¼ 2 and Pr ¼ 0:072).
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80� 60� 80 are negligible, and, hence, the grid of 40� 60� 40
was decided as appropriate for this model. For further calculations
in other models, appropriate grids with respect to the dimensions
were used.

4.2. Results verification

In order to verify the performance of the computer code, the
derived governing equations for 3-dimensional cases were simu-
lated and applied on some sample problems, and then the results
were compared to the previously available data. First, natural
convection in the annulus with constant temperature horizontal
walls and insulated vertical walls was compared to the experi-
mental study of Wrobel et al. [20]. In this comparison, natural
Fig. 4. Comparison of average Nusselt number results with
convection of a fluid with a Prandtl number of 61 in an annulus
with an outer to inner diameter ratio of 2.7 and an aspect ratio of
5.41 was investigated. The results of this comparison are presented
in Fig. 4 for average Nusselt number. According to the results, the
maximum difference was smaller than 8%, which is considered
negligible for an experimental study, indicating a good agreement
between the results.

For a more accurate study of the results, the results of the pre-
sent study for a fluid with a Prandtl number of 0.7 in a annulus with
an outer to inner diameter ratio of 2 and an aspect ratio of 1 were
comparedwith the numerical results reported in Refs. [19] and [27].
The comparison was made for a wide range of Rayleigh numbers,
the results of which are given in Fig. 5. As shown, the results are in
good agreement with an error of lower than 2%.
previous experimental (left) and numerical data (right).



Fig. 5. Average Nusselt number versus aspect ratios for various aspect ratio and Hartman numbers. (Ra¼105 and Pr¼0.072).
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5. Results and discussion

5.1. Effects of Hartman number, aspect ratio and radii ratio on
average Nusselt number

Figs. 5 and 6 show respectively the effects of aspect ratio and
radii ratio on the average Nusselt number for Pr ¼ 0.072 and
Ra ¼ 105. As observed in Fig. 5, there are two different trends at all
Hartmann numbers and aspect ratios. For aspect ratios lower than
about 1, an increase in the height of the annulus results in a higher
average Nusselt number. The reason may be related to a more
effective flow pattern for heat transfer. This trend has previously
been reported by Newell and Schmidt [28] and Kuehn and Gold-
stein [29]. When aspect ratio is greater than about 1, the average
Nusselt number decreases as A is enlarged. This is due to the fact
that most of the heat transfer into the fluid arises close to the
bottom of the hot wall. This phenomenon can be seen in the graphs
of local Nusselt number presented by Afrand et al. [16]. Therefore,
increasing the height of the cylindrical annulus leads to a reduction
in the total heat transfer rate and consequently the average Nusselt
number decreases. The results of Newell and Schmidt [28] and
Wilkes and Churchill [30] also show this trend.

The effect of radii ratio on the average Nusselt number for cy-
lindrical annulus with aspect ratios of 0.5, 1 and 3 is shown in Fig. 6.
It can be seen that with increasing radii ratio (l) the average Nusselt
number significantly augments at all Hartman numbers and aspect
ratios. This can be related to the temperature and velocity fields in
the fluid. Since increasing the radii ratio leads to an increase in the
curvature of the inner wall, fluid flow has less area tomove near the
inner wall. Thus, the fluid velocity increases to reach the mass
conservation equation. This increase in the velocity can reduce the
thickness of the thermal boundary layer and accordingly the
average Nusselt number increases. The results correspond to radii
ratio effect on the average Nusselt number follow the same trend as



Fig. 6. Average Nusselt number versus radii ratio for various aspect ratio and Hartman numbers. (Ra ¼ 105 and Pr ¼ 0.072).
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reported by Prasad and Kulacki [31] and Satya Sai et al. [32].
It is evident from Figs. 5 and 6 that with increasing Hartmann

number, the trends are also observed with a lower slope. In fact, the
magnetic field suppresses the natural convection of the fluid that is
discussed in detail in the following sections.
5.2. Evaluation of distribution of temperature, Lorentz force and
induced electric field

The distribution of temperature, Lorentz force and induced
electric field in different vertical and horizontal plane in the pres-
ence and absence of magnetic field are depicted in Figs. 7 and 8. As
is evident in Fig. 7, the induced electric field is zero in the x-plane
and is maximized in the y-plane. In fact, the magnetic field is
perpendicular to term of V

. � V
.

in the x-plane due to the
axisymmetric flow in this model; thus, the electric potential is zero
in this plane based on Eq. (4). However, it can be seen in Fig. 7 that
the Lorentz force is maximized in the x-plane and that it is minimal
in the y-plane. Based on Eq. (5), the is composed of two factors: E

.

and V
. � B

.
. It is found from Eq. (5) and Fig. 6 that in regions where

the terms of E
.

and V
. � B

.
are equal to each other the electric

current density is zero, resulting in zero Lorentz force. In other
regions, it is possible that the term of V

. � B
.

win against E
.

, or vice
versa. In both cases the Lorentz force is generated opposed to the
direction of flow.

The effect of the magnetic field on the isotherms also is pre-
sented in Fig. 7. The isotherms are close to each other in the absence
of magnetic field (Ha ¼ 0) indicating that there is a considerable
temperature gradient near the walls. It can be observed that by
increasing Hartman number up to 80 the temperature stratification
exists in the x-plane, while it is not observed in the y-plane. This is
because of an increase in Lorentz force (especially in x-plane) that
prevents the movement of fluid. This means that the values of
Lorentz force in the x-plane is more than that in y-plane, which is



Fig. 7. Distribution of temperature, Lorentz force and induced electric field in the vertical planes in the presence and absence of magnetic field (Ra ¼ 105, l ¼ 2 and Pr ¼ 0.072).
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Fig. 8. Induced electric field and Lorentz force distribution and in the horizontal plane (Z ¼ 0.5). (Ra ¼ 105, A ¼ 1 and Pr ¼ 0.072).

M. Afrand / International Journal of Thermal Sciences 118 (2017) 12e2320



M. Afrand / International Journal of Thermal Sciences 118 (2017) 12e23 21
confirmed by distribution of Lorentz force in Fig. 7. A comparison
between isotherms in x-plane with that in y-plane also reveals that
magnetic field creates the electric potential (especially in y-plane)
that leads to reduce the Lorentz force against buoyancy force. This
is in good agreement with the contours correspond to distribution
of Lorentz force and induced electric field in Fig. 7. These phe-
nomena are observed for all aspect ratios.

The distribution of the Lorentz force and induced electric field in
the central horizontal plane of the annulus for various Hartmann
numbers and radii ratios are depicted in Fig. 8. Hartmann layers and
Roberts layers are marked in this figure. By comparing Fig. 8 with
Fig. 7, it is found that the Lorentz force in the Hartmann layer is
much superior, while the induced electric field in the Roberts layer
has more value.

In both Figs. 7 and 8, it is obvious that the horizontal magnetic
field causes a lack of symmetry. This phenomenon happens due to
the Roberts layers and Hartmann layers develop near the walls
parallel and perpendicular to the horizontal magnetic field [33,34].
As previously mentioned, the Lorentz force is maximumwhere the
magnetic field would be perpendicular to the wall (x-plane); thus,
it can be concluded that Hartmann layer thickness is related to
(Cosq)�1. Moreover, as shown in this figure, with increasing Hart-
mann number the values of Lorentz force and induced electric field
strongly increase.

In fact, the influence of Hartmann and Roberts layers on the flow
can be expressed using the Lorentz force, which tends to resist
movement of the fluid. It can be found from Eq. (5) that the Lorentz
force is a resistance force against the flow and it is more powerful
where the velocity is greater. As we know, the fluid near the walls
has a higher velocity compared to other regions of the annulus.
Accordingly, the Lorentz force is higher near the walls that
perpendicular to the magnetic field, resulting in formation of
Hartmann layer. Since the radial velocity is perpendicular to the
magnetic field in y-plane, based on Eq. (5), the Lorentz force in y-
plane is very small. It causes the Hartmann layer does not appear in
this plane. The same phenomenon occurs in the opposite plane for
induced electric field. In fact, there is a much steeper velocity
gradient near the walls of than other regions of the annulus. In the
y-plane, the term of V

. � V
.

and B
.

are parallel, resulting in greater
induced electric field and Roberts layer.
Fig. 9. Impact of Prandtl and Hartmann numbers on the average Nusselt
By inspecting Fig. 8, it is understood that with increasing radii
ratio the Lorentz force increases and induced electric field de-
creases. As previously mentioned, increasing the radii ratio leads to
an increase in velocity, resulting in higher Lorentz force.
5.3. Effects of Prandtl and Hartman numbers

Fig. 9 shows the impact of Prandtl and Hartmann numbers on
the average Nusselt number for annuluses with radii ratios of 2 and
6. As observed in this figure, the average Nusselt number increases
with increasing Prandtl number at all Hartmann numbers. In fact,
with growing the Prandtl number, viscous force augments and
thermal diffusivity decreases. In addition, it is expected that with
increasing Prandtl number, the thickness of momentum boundary
layer increases, while the thickness of thermal boundary layer de-
creases. It is clear that the temperature gradient can be increased by
reducing the thickness of the thermal boundary layer, resulting in
higher average Nusselt number. As shown in this figure, for
different Prandtl numbers, the effect of Hartmann number on the
average Nusselt number is almost similar. It is also found from this
figure that with increasing Hartmann number, the effect of Prandtl
number on the average Nusselt number decreases. The reason is
related to this fact that at higher Hartmann number the convective
heat transfer is suppressed by the Lorentz force and thus the impact
of boundary layers decreases.

Another point that can be understood from this figure is that the
average Nusselt number decreases with increasing Hartmann
number for all radii ratios and Prandtl numbers. As mentioned
earlier, the Lorentz force can suppress the convictive heat transfer.
Thus, it is expected when the Lorentz force increases excessively,
heat transfer converts to conduction mode. In this situation, the
expectation is that the average Nusselt number along the inner
cylinder approaches the asymptotic value of Nui,cond that is defined
as follows [13]:

Nui;cond ¼ ðl� 1Þ
lnðlÞ (16)

For example, for case of l ¼ 2 and l ¼ 6, the average Nusselt
number must respectively be equal to 1.44 and 2.79 in accordance
number for annuluses with radii ratios of 2 and 6 (Ra ¼ 105, A ¼ 1).
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with Eq. (16). Tend to the asymptotic values of Nui,cond is evident in
Fig. 9. However, it can be observed that in the case of l ¼ 2 pure
conduction achievable at Ha~320, while it is possible at Hartmann
numbers higher than 320. It can be concluded that a stronger
magnetic field is needed to achieve pure conduction in the case of
thick annulus (e.g. l ¼ 6).

5.4. Inspecting the effect of magnetic field strength on average
Nusselt number

To better understand the effect of magnetic field strength on
natural convection, 3D graphs of the average Nusselt number
versus Hartmann number and aspect ratio for annuluses with radii
ratios of 2, 4 and 6 are displayed in Fig. 10. It is clearly evident that
for different radii ratios, the effect of Hartmann number and aspect
ratio on the average Nusselt number is almost similar. It is also
observed that the behavior of average Nusselt number that was
expressed as a function of the aspect ratio, mentioned in, can be
observed for all Hartmann numbers Furthermore, the average
Nusselt number decreases as Hartmann number is increased. As
mentioned in subsection 5.2, the effects of E

.
and V

. � B
.

on the
electric current density are exactly opposite. However, the Lorentz
force is generated opposed to the direction of flow and conse-
quently reduces the average Nusselt number.
Fig. 10. 3D graphs of the average Nusselt number versus Hartmann number and as
6. Conclusion

In the present study, laminar natural convection in a vertical
cylindrical annulus containing various electrically conductive fluids
under a horizontal magnetic field was studied. The annulus was
composed of two isothermal coaxial cylinders. Both ends of the
cylinders were supposed adiabatic and all walls were assumed
electrically insulated. The effects of different parameters such as
Hartman number, the radii ratio, aspect ratio, and Prandtl number
on the temperature distribution, average Nusselt number, distri-
bution of Lorentz forces as well as induced electric field were
investigated. The main results of this study are as follows:

� For aspect ratios lower than about 1, an increase in the aspect
ratio resulted in a higher average Nusselt number. When aspect
ratio was greater than about 1, the average Nusselt number
decreases as aspect ratio was enlarged.

� A stronger magnetic field is needed to achieve pure conduction
in the case of thick annulus (e.g. l ¼ 6).

� Results also revealed that a stronger magnetic field was needed
to achieve pure conduction in the case of thick annulus. The
presence of magnetic field led to the induction of electric field
which affected the Lorentz force.
pect ratio for annuluses with radii ratios of 2, 4 and 6 (Ra ¼ 105, Pr ¼ 0.072).
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� Distributions of Lorentz force and induced electric field indi-
cated respectively the formation of Hartmann and Roberts
layers. The Lorentz force was much greater in the Hartmann
layer, while the induced electric field had more value in the
Roberts layer.

� The average Nusselt number increased with increasing Prandtl
number at all Hartmann numbers. With increasing Hartmann
number, the effect of Prandtl number on the average Nusselt
number decreased.

� When the Lorentz force increases excessively, heat transfer
converts to conduction mode. In this situation, the average
Nusselt number along the inner cylinder approaches the
asymptotic value of Nui,cond.
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