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a b s t r a c t

Sequential Packing Algorithm (SPA) was developed to model the dense packing of large assemblies of par-
ticulate materials (in the order of millions). These assemblies represent the real aggregate systems of
portland cement or asphalt concrete. To improve the SPA performance, the program engine was updated
with a genetic algorithm (GA) search module. Multi-cell packing procedures, fine adjustment of the algo-
rithm’s parameters, as well as implementation of GA were effective tools to optimize the computational
resources, to speed-up the SPA and to pack very large volumes of spherical entities.
The developed algorithm generates and visualizes dense packings corresponding to concrete aggre-

gates. The influence of model variables on the degree of packing and the corresponding distribution of
particles was analyzed. Based on the simulation results, different particle size distributions of particulate
materials are correlated to their packing degree. These packings agreed well with the standard require-
ments and available research data. The results of the research can be applied to the optimal proportioning
of concrete mixtures.

Published by Elsevier Ltd.

1. Introduction

The properties and behavior of particulate composite materials,
such as portland cement and asphalt concrete mixtures, depends
to a large extent on the properties of their main constituent –
the aggregates [1–5]. Among the most important parameters
affecting performance of concrete are packing density, compaction
degree, and the corresponding particle size distribution (PSD) of
aggregates. Better aggregate packing improves the main engineer-
ing properties of concrete: strength, modulus of elasticity, creep,
and shrinkage. Further, such packing reduces the volume of binder,
thereby providing significant cost savings. Very early reports on
concrete technology have already emphasized the important ef-
fects of aggregate grading on concrete performance [1,4,5]. Re-
cently, the problem of the best-possible proportioning of
aggregates and their contribution to optimal concrete mix has been
the subject of many experimental and theoretical investigations
[1–13]. Nevertheless, better understanding of the problem of den-
sely packing large assemblies of particulate materials of non-uni-
form sizes needs further attention.

Several reports discuss the important contributionof the shapeof
theparticle onpacking [4,8,12]; however, it is considered acceptable
to model and represent natural or artificial aggregates (which are

mainly irregular in shape) by using groups of spheres of different
diameters. This assumption partially reflects the existing methods
of particle size analysis and helps to simplify packing calculations
[4,6,13]. The packing density of spheres is characterized either by
the packing fraction g, or by porosity e = 1 � g, which is a fraction
of the unoccupiedvolume. As Kepler conjectured– andHales proved
[1,2]– theoptimalpackingof equalhard spheres is the face-centered
cubic (fcc) arrangementwithamaximaldensityofp=

ffiffiffiffiffiffi
18

p
� 0:7405;

however, themaximumpacking value of randomly packed, equally-
sized spheres inpackingexperimentswasonly0.64 [14]. An increase
in density could be achieved only if spheres of different sizes are
used. In this case, smaller spheres must fit into the cavities between
the already-packed larger neighbors – a procedure similar to the
arrangement of small spheres in the Apollonian problem [5,15]. By
usingawide rangeand largenumberofparticles, thepackingdensity
can theoretically closely approach unity.

The first attempts to provide the ‘‘best” optimal particle size
distribution were based on trials with balls of different diameters
[4,5,16–19]. These experiments resulted in the aggregate’s distri-
bution curves, which are currently accepted as industry standards.
One of the early examples presented by Fuller–Thompson–Andre-
asson [5] is a series of curves that are widely used for the optimi-
zation of concrete and asphalt aggregates:

Pi ¼ 100
di

Dmax

� �w
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where Pi is the total percent of particle passing through (or finer
than) sieve; Dmax the maximal size of aggregate; di the diameter
of the current sieve; w is the exponent of the equation (0.45–0.7).

Because it is relatively simple to achieve the ‘‘target” distribu-
tion with a minimum deviation using a few (at least two) sets of
particulate materials [7,20], this optimal distribution method is
extensively used in practice. Yet, despite its usefulness, this meth-
od cannot predict the packing degree and spatial arrangement of
particles of the resultant mixture.

Due to its practical importance, the packing problem of real sys-
tems still remains a challenging subject that attracts the attention
of many scientists. A model developed by Aim and Toufar has pro-
vided a useful tool for explaining the packing mechanism [19,21].
Their model focuses on packing two groups of equally sized (where
each group has a different size) spheres. Each group is represented
by the spheres’ characteristic diameter and eigenpacking degree.
After minor adjustments, this model provides a good explanation
of the experimental results related to concrete aggregates [2]. A
similar model was proposed by de Larrard for application in con-
crete technology [3]. To apply this model, it is necessary to mea-
sure or estimate the eigenpacking degree of the individual group
of particles. Moreover, the real particulate systems are usually bet-
ter represented by the particle size distributions rather than by the
characteristic diameter. These two constraints limit the applicabil-
ity of this model.

With the advancement of computers, the packing problems of
real particulate systems have become a challenging subject for
engineers [4,6,13–15,22–27]. Advanced algorithms are usually
based on the movement of particles (represented as spheres or
ellipsoids) due to rolling or sliding under the compaction gradient.
Based on this strategy, the particles in a rigid container are forced
to occupy the best vacant positions within the neighborhood. Mod-
ern modeling approaches include better insight into the natural
packing process and even full-scale modeling of the compaction
of particulate systems [23–27]. Additional factors (such as friction
and deformation) acting at the contact points were found to be
essential for modeling the dynamic processes involving the partic-
ulate materials [26,27]. To realize such algorithms, each movement
of a particle requires the solution of the corresponding differential
equations. A comprehensive survey of packing algorithms was re-
cently presented by Jia and Williams [22].

An interesting approach to dense packing was suggested by
Anishchik and Medvedev [15] involving the solution of the
three-dimensional Apollonian problem using Voronoi–Delaunay
method extended to deal with non-equal spheres. Based on this
method, a new sphere is packed into the Voronoi S-region (the
region of a volume, all points of which are closer to the surface
of given sphere than to the surfaces of other spheres in the
packing). Using this approach, a very high packing degree of
90% was achieved using a relatively small number of particles
(about 40,000) [15].

It is believed that optimal particle size distribution (PSD) corre-
sponds to the ‘‘best” or the densest packing of the constituent par-
ticles; however, modeling the packing of large particulate
assemblies had demonstrated that the densest arrangements
(PSD) of particles are actually not realized in concrete technology
[13]. As it was shown, only ‘‘gap-gradings” could be considered
to some extent as a sort of dense arrangement of particles. The
majority of ‘‘practical” concrete aggregates gradings lying between
the 0.45–0.7 power curves (i.e., Fuller curves with w = 0.45–0.7)
are actually ‘‘Loose-Initially-Packed”, LIP systems [13]. The funda-
mental characteristic of such systems is related to a wide range
of particle sizes required to achieve the high packing degree at a
limited number of largely-sized particles. These are opposed to al-
most ‘‘perfect” geometric, regular arrangements of high density,
realized with a relatively narrow size range.

Despite recent progress in the development of packing algo-
rithms, it is evident that a new approach is needed to model the
packing of large assemblies of particulate materials (up to 10 mil-
lion particles) representing the aggregate structure of portland ce-
ment concrete. On the one hand, the computer simulation
algorithmmust imitate the natural packing processes; on the other
hand, the developed approach must be easily applicable to solve
practical problems. Moreover, the packing process must be accom-
plished in a reasonable period of time and, preferably, using con-
ventionally available computational recourses.

This study proposes the enhancement of SPA with a genetic
algorithm (GA) module. A GA can be used to search the free space
to inscribe the maximum-sized spheres among the previously
packed spheres. Only few articles deal with the sphere-packing
problem using GA. For example, Franck-Oberaspach et al. em-
ployed a GA for the solution of a two-dimensional packing problem
of different rigid objects [14]. In their work an arbitrary number of
points is arranged within a given two-dimensional connected re-
gion in a such way that their mutual distances and the distance
from the region boundary reaches a maximum [14]. Cornforth ap-
plied a GA for the placement of overlapping grids for the input
space quantization in machine-learning algorithms, which is often
visualized in a three-dimensional space with the task of fitting the
maximum number of oranges (represented by equal spheres) into
a box [15]. Therefore, Cornforth applied a GA for a sphere-packing
problem to effectively achieve the maximum density of equal
spheres in a given space [15]; however, the prior art implementa-
tions were not used to model the packing of large particulate
composites.

2. Description of the packing model

It was found that a good approximation of particulate systems
of elementary volume can be achieved within a container with a ri-
gid or periodic boundary when the center of the particle is ran-
domly located at the grid of a cubic lattice [13]. In this case, a
thick, 3D mesh with an opening size of less than 1/100 of the min-
imal diameter of the particle must be used to minimize any possi-
ble computational error. In the proposed model, the particle is
considered as a discrete element, which is represented by a sphere.
In this work, the packing into a container with periodic boundaries
was used; this was considered to represent the elementary volume
of particulate assemblies and to eliminate the wall effect. The sim-
ulation was realized in a cube C(1), where 1 is a length of side and
at a size of the lattice grid of 1/32766.

A two-dimensional representation of Sequential Packing Algo-
rithm (SPA) is shown in Fig. 1. New spherical particles are sequen-
tially placed into the cube with the center glued to the node of a
lattice grid and with radius in the range of rmin < r 6 rmax. The ra-
dius rmax is fixed experimentally, but rmin is decreased gradually,
thereby allowing larger spheres to be placed in a cube prior to
the placement of smaller ones. The formula for calculating rmin is
as follows:

rminðnÞ ¼
rmax

ðkredÞN

where kred = 1 + 10K is a constant for reduction the rmin, K is the
reduction coefficient and N is a number of the packing attempts
(steps) required to gradually reduce rmin.

Initially, the cube is pre-packed with an initial sphere (or
spheres). Fig. 1 shows a randomly pre-packed sphere SP1. Then,
the center of a new sphere is randomly generated within the cube
lattice. Before locating the sphere with radius r, the various condi-
tions are examined:
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� The center of the new sphere cannot be located inside of any
already packed spheres.

� New sphere cannot cross any already packed sphere (no over-
lapping of spheres is permitted).

� The minimum distance to the surface of any already packed
sphere should be greater than rmin.

The described SPM procedure results in a highly dense packing
arrangement [13]. Fig. 1 shows the spheres SP2, SP3, and SPi are
placed in the case if the d2, d3, and di, respectively, satisfy the con-
ditions above.

The packing of a cube is terminated as all predetermined
spheres are packed. Commencing the packing process of each
sphere, the volume fraction of solid particles, V is calculated:

V ¼
XNtotal

i¼1

Vi

where Vi is a volume of a particular sphere and Ntotal is the number
of the spheres packed. Based on the individual volumes of newly
packed spheres, the particle size distribution of particles and pack-
ing degree are updated. It can be seen that the Sequential Packing
Algorithm (SPA) can be considered as a particular case of the Parti-
cle Suspension Model (PSM) [28]; the detailed description of SPA
routine (including multi-cell mode) is reported somewhere [29].

2.1. Application of the genetic algorithm (GA) for packing spheres

Genetic algorithm (GA) is one of the computational methods
based on an analogy to natural evolution and an example of a bio-
logically inspired computation. GA is a population-based computa-
tional method in which one individual of the population undergoes
a simulated evolution [30–32]. When a GA is applied to solve a spe-
cific problem, these individuals normally represent potential solu-
tions to the problem. GA includes a selection method in which
individuals (represented by a data structure) that are more fit are
more likely to survive. The fitness criteria may be defined in terms
of how well the individual (i.e., data structure) solves the problem.
GA includes some variation-generating methods in which individ-
uals can generate new individuals that different from existing
ones. A mutation and a recombination are two common varia-
tion-generating methods in a GA. These methods have been found

effective for solving a wide range of global numerical optimization
problems [30]. The advantage of a GA is that it does not require
consideration of the landscape of a search space, nor the shape of
an optimized function [30]; thus, a GA is a universal tool for a num-
ber of optimization problems.

To realize a GA for an arrangement of a new sphere with max-
imum radius within the available free space, a population of solu-
tions (Npop), that is, the spheres with various radii, is initially
generated. Every sphere is represented by a binary string of length
L containing the coordinates of the center and the radius of the
sphere. Next, the pair of spheres is selected randomly as parents
to produce the new spheres (children) for the next generation. This
reproduction is accomplished by a crossover operation and by a
mutation operation. A crossover operation partially exchanges
the binary code between two parents with a probability pc, but a
mutation operation is applied to change the bit position of a binary
string from 0 to 1, or vice–versa, with a probability pm. New
spheres are then evaluated by a ‘‘fitness function” (an objective
function), in such a way that only the best spheres ‘‘survive” and
‘‘generate” a next population of spheres (Npop). This procedure is
applied for a certain number of generations (Ngen), at the end of
which the best sphere (i.e., with maximum radius) is packed within
the free available space. The quality of a solution with a reasonable
computational cost that is directly proportional to a number of
generations is usually a trade-off [31]. For SPA–GA, the con-
straint-handling method proposed by Amirjanov [32] was selected.
This method, ‘‘Changing Range GA” (CRGA), adaptively shifts and
shrinks the search space by employing feasible (with satisfied con-
straints) and infeasible (with unsatisfied constraints) spheres in
the population to find a sphere with maximum radius (a global
maximum). CRGA significantly improves the speed of convergence
to the global maximum with reasonable precision [32]. According
to the method, an elite subset (hs) of ranked individuals (spheres)
from a whole population (Npop) is selected in every generation.
Individuals are ranked according to their objective function by
means of a stochastic ranking procedure [33], which maintains
the balance between preserving the feasible individuals (with sat-
isfied constraints) and rejecting infeasible ones (with unsatisfied
constraints). This balance is derived from a stochastic bubble-sort
algorithm in which a probability parameter Pf was introduced to
compare any pair of adjacent spheres to determine a better one
[33]. Next, the elite subset of spheres is used to assess the coordi-

Fig. 1. 2D illustration of packing problem: (a) apollonian problem: inscribing a new particle so a new particle has only three geometrical neighbors or tree faces of the
Voronoi ‘‘S” region (for 3D it has four faces), after [15]; (b) the Sequential Packing Algorithm, SPA, after [13].
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nates of a center of attraction (or reference point), which are iden-
tified by calculating the mean of coordinates of the centers of the
spheres from the elite subset [32]. Finally, the size of the search
space is shrunk relative to the previous size using coefficient kr
and shifts to the center of attraction. The shrinking of the search
space continues within every generation until the size of the region
becomes less or equal to tr of an initial size of the search space. The
shrinking and the shifting mechanisms concentrates the search
space to a certain cell of a cube. Consequently, the number of eval-
uations required to examine the set of constraints (overlapping
spheres) is significantly reduced [32].

3. Research program

In this research program, the packing into a container with peri-
odic boundaries was considered in order to represent the elemen-
tary volume of particulate composite and to eliminate the wall
effect. The ratio of the container size to the maximum diameter
of the sphere was fixed at 3.3 (that is a common assumption re-
lated to the density measurements when the wall effect is elimi-
nated). The total amount of spheres used in the packing trials
(Ntotal) was one million (1 M) and the mesh size (pixel) was 1/
32766 of the container length. The research program considered
the investigation of SPA with following parameters: (1) the reduc-
tion coefficient was varied from �1 to +1 where higher values pro-
vided a very quick drop in the minimal size of the particles and
resulted in the formation of loose or ‘‘diluted” packing arrange-
ments; and (2) since the effect of the number of packing trials
per cycle, N on the packing arrangements obtained with SPA was
not investigated previously, in this research program N was varied
from 104 to 106. The variable parameters and their levels for the
conducted experiments are presented in Table 1.

The details of GA routine and parameters were defined and re-
fined by extensive experimental program as reported by Amirjanov
[32]. The following values of GA parameters were established using

the trial runs for the best performance of GA to simulate SPA–GA
mode of packing: Npop = 50, pc = 0.85, pm = 0.02, L = 15 bits,
Pf = 0.42, hs = 0.2, kr = 0.99, tr = 0.0025, Ngen = 150 [32]. The best
performance of GA intends to provide a minimum time (a compu-
tational cost) to reach a reasonably high quality solution. The
parameters Npop and Ngen which have the most influence on the
computational cost were established by the preliminary experi-
ments. To assess the quality of the GA the latter was applied to
solve the optimization problem with a known solution. In these
preliminary experiments, a rather simple optimization problem
was constructed; that is, to inscribe a single sphere with a known
radius and known coordinates of its centre between initially pre-
packed spheres. In this experiment after 150 generations, the GA
found the coordinates of the centre with an error less than 0.2%;
for example, after 250 generations the error was reduced to 0.1%.
In order to reduce the computational cost the first option was se-
lected for the main experiment. The values of parameters pc and
pm were selected from the range established in [30]. The parame-
ters L, hs, kr and tr also influence the quality of the solution and
their optimal values were adopted from [32]. The value of param-
eter Pf was set according to [33].

4. Results and discussion

The results of the simulation algorithm are presented in Fig. 2
and Table 2, demonstrating the generated particle size distribu-
tions (PSD) with the passing values given for specific particle sizes
(that are standard for the sieve analysis and determined by a for-
mula: di = Dmax/2m, where Dmax is the maximal size of the sphere
and m = 0, 1, . . . , k). Fig. 3 provides the visualization of the packing
patterns obtained with 1000 spheres at different reduction
coefficients.

4.1. Experimental results and discussion

4.1.1. Implementation of SPA and SPA–GA to modeling particle size
distribution

The major interest of the model application is seen in the devel-
opment of the distribution curves that match those used in con-
crete technology (Figs. 2 and 4). In the case of SPA
implementation, the best (the most dense) gradings with 80–90%
packing degree are obtained with the reduction coefficient of 0
and less and a high value of number of packing trials, N of 105

Table 1
The experimental matrix used for evaluation of the simulation model.

Total amount of spheres,
Ntotal

Number of packing
trials, N

Reduction
coefficient, K

1 M = 106 10 k = 104 �1
100 k = 105 0
1 M = 106 +1

(a) (b)

Fig. 2. The particle size distribution corresponding to: (a) SPA and (b) SPA–GA experiments (Ntr is a number of the packing attempts required to gradually reduce minimal
radius boundary).
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and more. In contrast, all SPA–GA experiments resulted in denser
packing arrangements with g > 91%.

The particle size distribution curves show three characteristic
zones (Figs. 2 and 4):

� 1st zone – almost vertical line corresponding to initial pre-pack-
ing of spheres of the size close to Dmax.

� 2nd zone – ‘‘structure-forming” range corresponding to spheres
in sizes from Dmax to (0.5–0.7) � Dmax.

� 3rd zone – ‘‘void-filling” range corresponding to spheres in sizes
less than (0.5–0.7) � Dmax.

It can be observed that the curves, obtained with SPA–GA and
representing the densest aggregate assemblies, are ‘‘modified” Ful-
ler type or ‘‘Initially Pre-Packed” gradings (IPP-gradings) with a
predominant volume (45–60%), with the largest particles ranging
from Dmax to 0.7 � Dmax [5,7]. The arrangement of this group of par-
ticles results in about 50% of the packing; about 30% of the sphere’s
volume is represented solely by the spheres of maximal size (Dmax),
which account for 25% of the packing. Finally, a relatively narrow
range of particle sizes (from Dmax to Dmax/2) provides about 60%
of the packing (Fig. 2b) [5,7]. This group of particles is considered
to be arranged in a manner similar to the ‘‘ideal” regular, close-
packed lattices (Fig. 3) approaching the condition of the maximum
possible value for randomly packed systems (jammed state)
[5,7,21]. In this case, the distribution of particles is represented
by the relatively narrow range of the sizes. These distributions
are characteristic of only ‘‘gap-graded” aggregate mixtures that
lie outside the limits commonly used in concrete technology (i.e.,
outside the limits set by Fuller curves with the exponent from
0.45 to 0.7). Similar performance was observed by SPA, but at a
low reduction coefficient (�1) and at a wide range of N.

However, in practice, the achievement of well-arranged, ini-
tially pre-packed structures is quite difficult using conventional
compaction methods due to friction between particles and their

irregularity. Therefore, many ‘‘real” particulate assemblies could
be described by the SPA with high (0 and higher) reduction coeffi-
cient. This condition is the case of ‘‘Loose Initial Packing” (LIP)
arrangement, when the largest particles (from Dmax to 0.7 � Dmax)
occupy less than 40% of the volume [5,7]. To achieve high packing
degree at a less arranged initial structure (LIP condition), a much
wider range of sizes is necessary (Fig. 2a). The graphical represen-
tation of this packing arrangement is given in Fig. 3.

The LIP condition can be realized with SPA at a high (0 and high-
er) reduction coefficient and a wide range of N. The corresponding
particle size distribution curve lies between the conventionally
employed levels of the Fuller distribution curve with exponent
0.45–0.7 and gap-grading curve of DIN 1045 (Fig. 4).

4.1.2. Packing of aggregates and concrete mix proportioning
As emphasized in the case of high-performance concrete (HPC)

[3,7], three fundamental relationships are important for concrete
mixture proportioning:w/c – concrete strength; rheological behav-
ior (viscosity or shear stress) of cement paste – slump of concrete
mixture; and the optimal aggregate proportioning – workability of
concrete. When quantified with corresponding models, these crite-
ria completely define the mixture proportioning and properties of
HPC. On other hand, comprehensive modeling of concrete work-
ability and rheological behavior is not possible without detailed
knowledge of the arrangement of aggregate’s particles, packing de-
gree, and characteristics of porosity.

Similar behavior can be also attributed to common concrete
[1,4–6]. It is mutually accepted that better packing provided by
the optimization of aggregates is an essential step of concrete mix-
ture proportioning. The common tool currently used to accomplish
this task is represented by the Fuller curves. Based on Fuller curves,
DIN 1045 specifies the area on the particle size distribution field
that includes the preferable gradings (Fig. 4). This area is limited
by the grading curves A and B; in Fig. 4, the family of curves with
different Dmax are normalized to the same relative origin using the

Table 2
Comparison of the performance of SPA and SPA–GA in packing experiments.

Ntrials = 10,000 Ntrials = 100,000 Ntrials = 1,000,000

K +1 0 �1 +1 0 �1 +1 0 �1
kred 11 2 1.1 11 2 1.1 11 2 1.1
SPA 74.88 78.47 83.29 75.8 80.54 85.68 76.44 82.94 88.61
SPA–GA 91.49 91.94 92.95 91.45 92.06 93.61 91.49 92.23 93.87

Fig. 3. 3D particle arrangements corresponding to (a) initially pre-packed (IPP) dense packings at K 6 1 and (b) continuous distribution (LIP) packings at KP 0 (with particles
separation).
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formula log(d/Dmax). The area between the curves B and C is also
allowed, but it is normally used for self-consolidating concrete.
There is also curve U representing the case of ‘‘Gap-Grading” used
for zero-slump and roller-compacted concrete. Based on the geo-
metrical calculations, a revised version of ‘‘Gap-Grading” (curve
LU) was proposed by Kessler [11]. Generally, concrete mixtures
with high workability (required for self-compacting and pumped
concretes) can be produced with the aggregates adjusted to grad-
ing curve B. Conventional vibro-compacted concrete with slump
values from 50 to 200 mm can be effectively produced with the
aggregates particle size distribution taken as midline between A
and B; highly-dense, low-slump concrete is produced preferably
with A or U gradings.

The majority of ‘‘real” aggregate packings used in concrete tech-
nology (i.e., located between the curves A and B) are looser (less ar-
ranged) than predicted by the ‘‘best packing curves” (these are
usually located under the curve A [13,28]). To achieve a higher
packing degree, a wider range of particle sizes commonly in con-
crete technology must be used. The SPA curves acquired with dif-
ferent values of reduction coefficient lie between the curves A
and U as specified by DIN 1045. The difference is that the model
curves require somewhat larger amounts of coarse aggregate frac-
tion from Dmax to 0.7 � Dmax. Potentially beneficial, such narrow
separation of particles is not realized in practice, and real-life grad-
ing would use somewhat of a wider size band (from Dmax to
0.5 � Dmax), thereby eliminating this difference. The model curves
obtained with SPA–GA are very close to the dense packing LU-
curve suggested by Kessler [11].

The packing values (obtained using a vibro-compacting for 30 s
according to the procedure adopted from the ASTM C1170-91
(method A) for limestone aggregates corresponding to some of the-
oretical distributions are compared in Table 3. The ‘‘Modified Ful-
ler” curve obtained using SPA at kred = 11 (K = 1) and
Ntrials = 10,000 (Fig. 4) demonstrated the best packing degree
75.1% that is very close to the value predicted by the model (75%,
Table 2). The A and U gradings resulted with slightly lower packing

degree of 74.2% and 74.6%, respectively; and SPA-grading at kred = 2
(K = 0) and Ntrials = 10,000 (Fig. 4) was less dense with 72.4% (which
is less than 78% predicted by the model). This difference in last case
can be explained by the irregularities of and friction between the
aggregate particles, as well as an inability to achieve high compac-
tion gradients, required for better packing.

5. Concluding remarks

1. Implementation of GA module for Sequential Packing Algorithm
(SPA) significantly improved the speed of sphere processing and
overall enhancement of the computational algorithm. The
developed algorithm allows the modeling of real particulate
systems used in concrete technology composed of one million
particles that differ in the size of up to 150 times. The model’s
particle size distribution curves acquired with SPA and SPA–
GA lie within the limits A and U set by the standards. The devel-
oped algorithm and obtained patterns of particulate systems
can be used to visualize and model the ‘‘real-life” arrangements
of concrete aggregates, as well as the behavior of concrete in
fresh and hardened state.

2. For a given number of particles, dense packing is achieved
either when dense pre-packing is realized or when a wide range
of particle sizes is available. The best packing curves with 90%
and higher packing degree are presented by the ‘‘modified Ful-
ler type”, gap or ‘‘Initially Pre-Packed” gradings [5]. The charac-
teristic feature of the IPP gradings is related to high (60%) values
of packing degree obtained by the narrow range of particle sizes
from Dmax to Dmax/2. The IPP condition is realized with SPA–GA
at a wide range of investigated parameters and SPA at low val-
ues of reduction coefficient.

3. The opposite case is represented characterized by a ‘‘Loose Ini-
tial Packing” or LIP condition when a high (80–85%) packing
degree is obtained due to the use of a wide range of particle
sizes. This condition represented by the SPA models with a
reduction coefficient of 0 and higher and at a wide range of N,
is characteristic of many ‘‘real” particulate assemblies used in
concrete.

4. It can be concluded that the best and the densest aggregate pac-
kings are not achieved in real systems comprising portland
cement and asphalt concrete. The lowest grading curve A corre-
sponding to DIN 1045 and Fuller (at n = 0.7) is very close to
‘‘Loose Initial Packing” (LIP) condition (obtained at high KP 0
and low Ntrials = 10 k). The main difference between the distri-
butions obtained with models and specified by the standard is
that the model suggests using at least 30% of particles with size
equal to Dmax. This is quite difficult to achieve in concrete tech-
nology. Still the range of Dmax . . . 3/4 Dmax can be proposed as
critical in providing high packing. According to the modeling
results the amount of this aggregate fraction must be at least
40% to achieve optimum (i.e., the densest) packing. The experi-
mental verification of the model demonstrated the applicability
of the proposed approach to represent ‘‘real-life” concrete

Fig. 4. Particle size distribution curves compared to standard requirements.

Table 3
Experimental verification of the model gradings.

Curve designation Theoretical packing degreea, % Experimental packing degree, %

Rod-tamped Vibro-compacted ASTM C1170-91 method A

A – 69.6 74.2
U – 70.9 74.6
SPAa: kred = 11 (K = 1) 74.88 71.5 75.1
SPAa: kred = 2 (K = 0) 78.47 69.2 72.4

a Corresponding to SPA with Ntrials = 10,000 as per as Fig. 4.
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aggregates. The ‘‘Modified Fuller” obtained using SPA at
kred = 11 (K = 1) and Ntrials = 10,000 provided the best packing
degree 75.1% that is very close to value obtained by the numer-
ical simulation (75%).

5. The developed model can represent virtually any dense particle
size distribution used in concrete technology. The developed
algorithm, when built into a recursive procedure, can be applied
to solve the ‘‘classical” packing problem involving the search for
the degree of packing for given number of particles and particle
size distribution.
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