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a b s t r a c t

Pressure drop of ordered arrays of cylinders embedded inside microchannels is experimentally and ana-
lytically studied. Two independent modeling techniques are used to predict the flow resistance for the
creeping flow regime. The pressure drop is expressed as a function of the involved geometrical parame-
ters such as micro-cylinder diameter, spacing between adjacent cylinders, channel height, and its width.
To verify the developed models, 15 silicon/glass samples are fabricated using the deep reacting ion etch-
ing (DRIE) technique. Pressure drop measurements are performed over a wide range of nitrogen flow
rates spanning from 0.1 sccm to 35 sccm. Both methods predict the trend of the experimental data.
The porous medium approach shows a wider range of applicability with reasonable accuracy while the
variable cross-section technique is more accurate for dense arrays of micro-cylinders. Our results suggest
that an optimal micro-cylinder diameter exists that minimizes the pressure drop for a specific surface-
area-to-volume ratio. This diameter is a function of the channel dimensions and the desired surface-
area-to-volume ratio.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Flow across arrays of micro-cylinders embedded inside mini/
microchannels is of great importance for various applications such
as microreactors [1,2], micro heat exchangers [3–5], micro-total
analysis systems (lTAS) [6], and microfilters [7]. These micro-
cylinders enhance heat and mass transfer coefficients, surface-
area-to-volume ratio, surface chemical reactions, and thermal
conductance with the penalty of a reduction in the effective
cross-sectional area. The reduced flow area results in an overall
pressure drop increase. As a result of this competitive trend, an
optimum design(s) can be found for various applications. This,
however; requires an accurate model that can predict the pressure
drop as a function of the salient geometrical parameters of the
micro-cylinder-embedded-microchannel assembly.

The creeping flow across ordered arrays of cylinders has been the
subject of numerous studies; see for example references [8–12].
Many of these studies provided analytical expressions for the flow
resistance (the ratio of pressure drop over volumetric flow rate) of
two-dimensional flow across a periodic array of circular cylinders,
which is usually applicable to high aspect ratio systems. However,
employing the existing models may lead to significant inaccuracy

in the analysis of flow through low aspect ratio cylinders embedded
inside channels. The experimental results reported by Kosar et al.
[3], Vanapalli et al. [13], and Yeom et al. [14] revealed that in the
case of low aspect ratio cylinders, these two-dimensional models
failed. Therefore, a more general model should consider the channel
walls’ effects in the analysis in order to successfully predict the flow
through the cylinder array.

In this study, we adopt and compare two different approaches
for modeling the flow across arrays of micro-cylinders embedded
inside microchannels of low aspect ratio:

(i) The porous medium approach in which the problem is mod-
eled as a channel filled with a porous medium.

(ii) The variable cross-section channel approach, where the flow
between cylinders is modeled as the flow along a variable
cross-section microchannel.

Fully developed and developing flows in channels of various
cross-sections filled with porous media have been extensively
studied in the literature (see for example [15–19]); however, such
studies for small-scale mini- and micro-size channels are not
numerous. Gamarat et al. [20] employed volume averaged equa-
tions to study flow through channels partially filled with micro-
posts in an attempt to investigate effects of wall roughness on the
flow field and pressure drop. They also performed experimental
investigations and successfully compared their theoretical analysis
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with the experimental data. Recently, Tamayol et al. [21] used vol-
ume averaged equations for predicting the pressure drop inside
microchannels filled with ordered arrays of cylinders. To verify
their analysis, they fabricated five samples using the soft lithogra-
phy technique [22,23] and measured the pressure drop of the sam-
ples over a range of volumetric flow rates. Moreover, they employed
a numerical approach for determining the flow through the fabri-
cated samples’ geometry. The numerical and experimental data
were in a reasonable agreement with their model.

In the variable cross-section approach, it is postulated that the
passing fluid experiences a channel-like flow between cylinders
with a variable cross-sectional area; the flow resistance can be ob-
tained by either lubrication approximation [24] or asymptotic ser-
ies solution [25,26]. The latter approach provides a more accurate
estimation for pressure drop when the inertial effect becomes sig-
nificant and/or the variation in the cross-sectional area becomes
substantial [25]. In this approach, the solution of the Navier–Stokes
equations is obtained by expanding the flow variables in powers of
a small parameter characterizing the slowly varying geometry of
the bounding walls, usually referred as a perturbation parameter
[25]. In the lubrication approach, the flow is assumed to be fully
developed at each cross-section. The overall pressure drop is then
calculated by integrating the local pressure gradient over the total
length of the channel. Although the asymptotic solution method
gives more accurate results than the lubrication approximation,
the final solution for the pressure drop and velocity field has a
complex form.

Both porous medium and variable cross-section approaches are
employed in this study to propose accurate yet easy-to-use models
for determining the pressure drop inside microchannels filled with
arrays of micro-cylinders. To determine the accuracy and the range
of applicability of both approaches, a comprehensive experimental
study is carried out. For this reason, 15 samples of channels filled
with arrays of micro-cylinders, covering a range of geometric
parameters, are fabricated using the deep reaction ion etching
(DRIE) method. Pressure drop of the samples is measured over a
range of volumetric flow rates. The comparison shows that the vol-
ume averaged model predicts the experimental data over the en-
tire range of cylinder spacing and diameter, while the results
obtained from the variable cross-section method are more accurate
for the samples with low cylinder spacing. Finally the utility of
these models is demonstrated as we optimize the geometry of
the micro-cylinder arrays to achieve the minimal flow resistance
for the given surface-area-to-volume ratio. The results indicate
that an optimum cylinder diameter exists for each assembly.

2. Problem formulation

The studied geometry, shown in Fig. 1, is comprised of repeating
square arrangements of mono disperse cylinders, embedded in a
constant cross-section rectangular microchannel. In fibrous
structures, fully developed flow occurs beyond the point where
the volume-averaged velocity does not change significantly along
the flow. It has been stated in the literature that the fully devel-
oped condition is achieved within the first 3 rows of cylinders in
the creeping flow regime; see for example [27]. Therefore, the
entrance effects are neglected in the present study. As such,
the flow is assumed to be steady state, incompressible and fully
developed with constant fluid properties. The Knudsen number
defined as the ratio of the nitrogen molecular mean free path to
the smallest length scale in the tested samples is approximately
10�3 and we are in the border line of continuum and slip-flow
flow regimes [28]. Therefore, the non-continuum effects are
negligible [29,30].

2.1. Porous medium approach

In the low Reynolds number flow through porous media, the
relationship between the applied pressure drop and the volume
averaged (superficial) velocity is linear and can be described by
the Darcy equation [31]:

� dP
dx

¼ l
K
U ð1Þ

where l is the fluid viscosity and K is the permeability of the med-
ium. For the cases where the boundary effects become significant,
an additional term should be added to the right hand side of Eq.
(1) to satisfy the no-slip boundary condition on solid walls, which
leads to the Brinkman equation [32]:

� dP
dx

¼ l
K
U þ leff

d2U

dy2
ð2Þ

where leff is the effective viscosity [31,32]. Previous studies have
shown that the viscosity ratio l0 ¼ l=leff , varies between 1 to 10
[33]; therefore, various values for l0 have been employed in the lit-
erature; see [34] for more details. Tamayol et al. [21] have shown
that the model of Ochoa-Tapia and Whitaker [35], which uses
l0 ¼ 1=e is a more accurate assumption for arrays of cylinders;
where e is the porosity of the porous medium.

Tamayol et al. [21] demonstrated that for channels with small
aspect ratios, i.e., e0 ¼ h=W < 0:1, the problem can be envisioned

Nomenclature

d cylinder diameter, m
E(.) uncertainty associated with measured parameters
f Fanning friction factor
h channel depth, m
H⁄ dimensionless parameter used in Eq. (10), H� ¼ h=d
Ip cross-sectional polar moment of inertia, m4

I�p dimensionless cross-sectional polar moment of inertia,
I�p ¼ IP=A

2

K permeability, m2

L channel length, m
P pressure, N/m2

Q volumetric flow rate (sccm)
Re Reynolds number
S distance between centers of adjacent cylinders, m
U volume averaged velocity, m/s

Greek symbols
u0 parameter used in Eq. (5)
e porosity
e0 local cross-sectional aspect ratio
l viscosity, N s/m2

leff effective viscosity, N s/m2

l0 viscosity ratio, l0 ¼ leff =l

Subscript
c related to connections
D developing
FD fully developed
minor minor losses
ev electro viscous
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as a porous medium sandwiched between two parallel plates, as
shown in Fig. 2. Therefore, the pressure drop, DP, calculated from
Eq. (2) becomes:

DP
L

¼
lQ sinh hffiffiffiffiffiffi

l0K
p
� �

Kh 2
ffiffiffiffiffiffi
l0K

p
h �1þ cosh hffiffiffiffiffiffi

l0K
p
� �� �

� sinh hffiffiffiffiffiffi
l0K

p
� �� � ; l0

¼ 1=e ð3Þ

To calculate the pressure drop from Eq. (3), one needs to know
the permeability, K. Depending upon the microstructure of the
porous medium, various relationships exist for the calculation of
the permeability; see for example [11,36–38].

The permeability of infinitely long cylinders in ordered
arrangements for flow normal to their axes has been studied
extensively in the literature [8–12]. Recently, Tamayol and
Bahrami [8] have employed an integral technique to develop
an analytical model for permeability of the square arrangement
of fibers. The porosity (e) for these arrangements is determined
from:

e ¼ 1� pd2

4S2
ð4Þ

where S is the distance between adjacent cylinders and d is the
diameter of the cylinders, as shown in Fig. 1. The following relation-
ship was reported for the permeability of square arrangement of
fibers [8]:

K ¼ 12ð ffiffiffiffiffi
u0p � 1Þ

u0 ffiffiffiffiffiu0p 2� gðeÞ
2

� �
þ 18þ 12ðu0 � 1Þffiffiffiffiffi

u0p ð1�u0Þ2

(

þ
18

ffiffiffiffiffi
u0p

tan�1 1ffiffiffiffiffiffiffiffi
u0�1

p
� �

þ p
2

� �
ðu0 � 1Þ

5
2

9>>=
>>;

�1

d2 ð5Þ

where gðeÞ ¼ 1:274e� 0:274, and u0 = p/4(1 � e); Eq. (5) was suc-
cessfully verified with experimental data collected from several
sources [8]. In this study, Eq. (5) is used to calculate the permeabil-
ity of the cylinders embedded inside the microchannels.

2.2. Variable cross-section approach

For low aspect ratios where the effect of walls becomes signifi-
cant, following Akbari et al. [25] the investigated problem can be
modeled as the fluid flow in variable cross-section microchannels
of rectangular cross-section, shown in Fig. 3. They used the model
of Bahrami et al. [29,39] for the pressure drop of uniform straight
channels and extended it to variable cross-section channels. Using
the perturbation approach, Akbari et al. [25] showed that the local
Poiseuille number in slowly-varying microchannels is a weak func-
tion of the cross-sectional shape and can be obtained from the fol-
lowing relationship:

fReC ¼ 32p2I�p �
4qQ
l

dA=dx
A

� �
ð6Þ

where q and l are the fluid density and viscosity, respectively;
I�p ¼ IP=A

2 with Ip as the polar moment of the cross-sectional area,
Q is the volumetric flow rate, A is the cross-sectional area, and
dA/dx indicates the rate of cross-sectional area change in the flow

Fig. 1. Structure of the considered microchannels filled with arrays of micro-cylinders (a) the schematic, (b) a typical fabricated sample.

Fig. 2. Schematic of the simplified 2D model representing a porous medium
sandwiched between two parallel plates.

Fig. 3. Schematic diagram of a variable microchannel of rectangular cross-section
with an arbitrary wall profile of f(x).
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direction. Using Eq. (6) for rectangular cross-section microchannels
and integrating over the length of the channel, the total flow resis-
tance can be obtained from the following relationship:

R ¼ Dp
Q

¼ 16p2l
Z x2

x1

I�p
A2 dxþ qQ

1

A2
2

� 1

A2
1

 !
ð7Þ

where A1 and A2 are the microchannel cross-sectional area at x1 and
x2 locations along the flow direction, respectively. I�p can be obtained
from the following relationship:

I�pðxÞ ¼
1þ e0ðxÞ2

12e0ðxÞ ð8Þ

where e0ðxÞ is the local cross-sectional aspect ratio of the channel
such that e0 ¼ 1 leads to a square cross-section. Substituting Eq.
(8) into Eq. (7), under the assumption of a constant channel height
one can find a closed-from solution for the pressure drop per
channel length filled with circular posts of the square arrangement
under the condition of h 6 S� d as follows:

Dp
L

¼ 6lQ
h3W

p2

9
U1 þU2

� �
ð9Þ

where U1 and U2 can be calculated from the following
relationships:

U1 ¼
S� 2þ 2u02 þ 3H�2 � 4u0
� �

p
2 � tan�1 1ffiffiffiffiffiffiffiffi

u0�1
p
� �� �

ðu0 � 1Þ5=2

þ H02 ð5� 2u0Þ
u0ð1�u0Þ2

þ p ð10Þ

and:

U2 ¼
ffiffiffiffiffi
u0p � 1ffiffiffiffiffi
u0p ð11Þ

where H� ¼ h=d. For the case of h > S� d, Eq. (7) should be solved
numerically.

3. Experimental investigation

3.1. Microfabrication

The silicon (Si) microchannels filled with an array of micro-
cylinders were created using the standard MEMS fabrication
techniques to verify the trend of the proposed analytical ap-
proaches. A total of 15 samples with various diameters and spacing
of micro-cylinders were designed to demonstrate the effect of
porosity on the flow resistance. Each sample had the same die size,
14 by 7 mm, and the same microchannel size, 2 mm wide, 0.2 mm
high, and 10 mm long. Inlet and outlet holes were placed at least 1
mm away from the posted regions to minimize the entrance and
exit effects of the flow. The diameters of micro-cylinders range
from 15 to 210 lm, and the micro-cylinder spacing ranges from
40 to 400 lm, covering a wide range of porosity from 0.95 to
0.33. The geometrical parameters of all the samples are summa-
rized in Table 1.

The fabrication procedure of the microchannels with an array of
micro-cylinders was reported elsewhere [14] but briefly described
here. A 100-mm-diameter Si wafer (Silicon Quest International,
N-type, h100i, 1–10 O) was patterned with double-sided photoli-
thography using AZ 4620 plasma-resistant photoresist (PR) and
subsequently anisotropically etched in deep reactive ion etcher
(Plasma-Therm SLR770). After etching about 200 lm, the PR on
the wafer was stripped, and the wafer was thoroughly cleaned
with the RCA clean procedure [14]. A 1-mm-thick microscope slide
was cut into small pieces whose size is same as a Si die. After

cleaning, a thin layer of thermally curable epoxy-based adhesive
[40] was transferred to a Si die via detachment lithography [41].
A glass top was then pressed down onto the adhesive-coated Si
die on a 130 �C hot plate to create a gas-tight seal. The thickness
of the adhesive is less than 1 lm and applied to the substrate via
the transfer printing process [41]. Therefore, the reflow of the
adhesive during bonding is minimal, and the overall microchannel
dimensions are unaltered even after bonding. The SEM image of an
array of micro-cylinders in the microchannel is shown in Fig. 4, and
the bonded Si chip is shown in Fig. 1.

3.2. Test setup

A plastic package to house the bonded sample was built using a
Stereo Lithography Apparatus (SLA). Tygon� tubing and o-ring seal
at the Si-package interface provided leak-free fluidic connection to
a Si die. A high purity N2 gas (S Smith, 99.9%) from the high pres-
sure source tank was filtered and fed to the flow meter (MKS,
2179A), which regulates the flow rate of the gas via the computer
software. The various flow rates used in the experiments were in
the range of 0.1–35 sccm. However, the range of the tested flow
rates was limited for some samples due to the maximum capacity
of the employed pressure sensors. Two commercial pressure sen-
sors (PX142, Omega Engineering Inc.) that have a linear response
up to 7000 Pa with a 5 V span (giving a resolution of about
1.4 Pa mV�1) are placed in the inlet and outlet of the SLA package
to measure the pressure drop across the microchannel. Three inde-
pendent pressure drop measurements were performed (each time

Table 1
Geometrical properties of the fabricated samples; h = 200 lm and W = 2 mm.

Sample d (lm) S (lm) e L (m) E(d) (lm) E(S) (lm)

1 54 223 0.95 0.0051 1.66 1.58
2 100 221 0.84 0.0051 0.64 2.11
3 159 218 0.58 0.0050 4.04 2.41
4 200 216 0.33 0.0050 3.01 3.64
5 203 247 0.47 0.0052 2.58 2.88
6 21 41 0.78 0.0081 1.74 1.92
7 207 253 0.48 0.0081 1.41 3.58
8 106 223 0.82 0.0080 0.63 2.09
9 208 403 0.79 0.0081 2.28 2.23

10 22 39 0.75 0.0055 0.45 1.00
11 14 40 0.90 0.0040 1.07 1.24
12 29 39 0.56 0.0039 0.85 1.37
13 19 40 0.82 0.005537 0.19 1.44
14 57 223 0.95 0.0080 1.36 1.29
15 168 222 0.55 0.0080 2.06 4.24

Fig. 4. A SEM image of a fabricated array of micro-cylinder arrays in silicon.
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re-assembling a sample into the package) at various flow rates for
each sample.

The uncertainty of the analysis is mostly a result of the uncer-
tainty in the fabrication process and the uncertainty in the channel
and cylinder size measurements. A calibrated optical microscope
was used to record the channel and micro-cylinder dimensions.
Five independent measurements were obtained for each sample
and the average values were used in the analysis. The maximum
uncertainties, associated with the measured values for micro-cyl-
inder diameters and the distance between adjacent posts, are listed
in Table 1. In addition, the uncertainty of the measured values of
flow resistance in various trials and flow rates for each sample, in-
cluded in the plots, was calculated as follows [42]:

EðDP=QÞ
ðDP=QÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EðDPÞ
DP

� �2

þ EðQÞ
Q

� �2
s

ð12Þ

where Eð:Þ indicated the uncertainty associated with the involved
parameters. The uncertainty in the measured values was less than
10%.

4. Results and discussion

The values of flow resistance (DP/Q) obtained by the porous
medium approach, Eqs. (3) and (5), and the variable cross-section
method, Eq. (7), are compared with the experimental data in Figs. 5
and 6 for some of the tested samples. Consistent with the creeping
flow assumption, it can be seen that the experimental values of
DP=Q remain constant over the investigated range of flow rates.

The accuracy of the porous medium and the variable cross-sec-
tion approaches is investigated in Figs. 7 and 8 where the experi-
mental data are plotted versus the predicted flow resistance for
all the samples. It can be observed that both methods can predict
the trend of the experimental data. However, the porous medium
approach is more flexible and shows good agreement over the en-
tire range of porosity; the maximum deviation between the model
and the experimental data is less than 25%, which is reasonable
within the context of porous media and microfluidics. It should
be noted that this approach is also applicable to analyzing flow
through channels filled with other types of fibrous porous media;

however, the permeability should be known beforehand. It should
be noted that in general, there is a competing trend between the
channel height and the permeability of the micro-cylinder array
on dominating the pressure drop of the samples. Increasing the as-
pect ratio reduces the importance of the channel walls on the pres-
sure drop. For more details please refer to [21].

The variable cross-section technique on the other hand is more
accurate for geometries where the ratio of the gap spacing to the
cylinder size and channel height is small. But as the porosity of
the structure and the gap sizes increases, the deviation from chan-
nel flow becomes more pronounced and variable cross-section
model is less accurate; see for example in samples 1 and 2.

Now that the proposed models have been verified experimen-
tally they can be used for investigating the effect of various param-
eters such as micro-cylinder diameter on the surface-to-volume

Q [sccm]

ΔP
/Q

 [P
a/

sc
cm

]

0 5 10 15 20 25 30
100

101

102

Sample 2

Sample 5

Sample 3

Sample 10

Fig. 5. Flow resistance versus flow rate for samples 2, 3, 5, and 10. Hollow symbols
show the experimental data; solid lines present the values predicted by porous
medium (Eqs. (3) and (5)) and dashed lines present variable cross-section
approaches (Eq. (7)).
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ΔP
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Sample 13

Fig. 6. Flow resistance versus flow rate for samples 1, 12, 13, and 15. Symbols show
the experimental data; solid lines present the values predicted by porous medium
(Eqs. (3) and (5)) and dashed lines present variable cross-section approaches (Eq.
(7)).
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Fig. 7. Experimental values of flow resistance versus the values predicted by porous
medium approach, Eqs. (3) and (5).
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ratio and pressure drop of microchannels filled with micro-cylin-
ders. To perform a parametric study, a typical microchannel with
the width of 2000 lm and the height of 200 lm is considered. A
range of cylinder diameters from 2 lm to 100 lm is considered.
The spacing between micro-cylinders embedded in the channel is
controlled by changing the number of cylinders from 2 to 500. It
should be noted that in general, adding micro-cylinders enhances
surface-area-to-volume ratio at the expense of an increase in the
overall pressure drop. The surface-area-to-volume ratio and the
pressure drop for each design is calculated from the geometrical
relationship and Eqs. (3) and (5), respectively.

Fig. 9 shows the flow resistance as a function of the surface-
area-to-volume ratio. It can be seen that the micro-cylinder
diameter has a significant impact on both the surface-area-to-
volume ratio and the pressure drop; however, the relationship is
non-linear. In general, one can say that using smaller cylinders

(2 lm in diameter) can result in structures with high surface-
area-to-volume ratio with a lower pressure drop. However, if a
small surface area is required, structures formed by micro-cylin-
ders with larger diameters have lower pressure drops.

The optimum diameter of the micro-cylinders depends on the
desired surface-area-to-volume ratio and the channel geometry.
Thus, we could not find a compact correlation for the optimum
cylinder diameter. However, the use of micro-cylinders with few
micrometers in diameters and nanostructures can reduce the
overall pressure drop of a fabricated sample while maintaining
the surface-area-to-volume ratio.

5. Summary and conclusions

Two independent modeling approaches, i.e., porous medium
and flow in variable cross-section microchannels, were used to
determine the pressure drop of ordered arrays of cylinders embed-
ded inside microchannels. Compact relationships were proposed
for predicting the flow resistance as a function of the involved
geometrical parameters such as micro-cylinder diameter, spacing
between adjacent cylinders, channel height, and width. To verify
the developed models, 15 silicon/glass samples were fabricated
using the deep reacting ion etching (DRIE) technique. Pressure
drop measurements were performed over a wide range of nitrogen
flow rates spanning from 0.1 sccm to 35 sccm. It was observed that
both methods captured the trend of the experimental data. The
variable cross-section technique was more accurate for dense
arrays of micro-cylinders and for highly porous structures the devi-
ations from the experimental data became more pronounced. The
porous medium approach on the other hand showed a wider range
of applicability with reasonable accuracy. Our results suggest that
an optimal micro-cylinder diameter exists that minimizes the
pressure drop for the specific surface-area-to-volume ratio. This
diameter is a function of the channel dimensions and the desired
surface–area-to-volume ratio. The proposed models and the
related analysis can provide a powerful tool for designing energy
efficient micro-reactors in which an array of micro-cylinders
provides high surface areas for enhanced heat and mass transfer
without causing undue pressure drops.
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diameters; L = 0.01 m, W = 2000 lm, and h = 200 lm.
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