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Abstract

In restructured and de-regulated power systems, generating companies (Gencos) are responsible for supplying electricity for both
energy and reserve markets, which usually operate simultaneously. In this condition, the question is how much and for what price must
each Genco generate for each market to maximize its profit, so this paper intends to answer to this question. In this paper, first, the
combined energy and reserve markets are considered, and the Nash equilibrium points are determined. Then, the bidding strategies
for each Genco at these points will be presented. The bids for the energy and 10 min spinning reserve (TMSR) markets are separated
in the second stage, and again, the bidding strategies for each Genco for the two separated markets will be demonstrated. Comparison
of the results shows that the separated bidding strategies, while being simplified with the algebraic optimization model and reducing the
time consumed, give the same results as the combined ones. The Western System Coordinating Council (WSCC) nine bus test system is
employed to illustrate and verify the results of the proposed method.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In the liberalized electricity market, which is the domi-
nant structure of the power system around the world, the
Gencos sell their generation to the energy market and try
to maximize their profit. In this environment, an indepen-
dent organization, normally called the PX or ISO (indepen-
dent system operator), determines the purchasing cost
based on the receiving bids of all the Gencos.

Gencos are very interested in selling their outputs at
higher prices, but due to the competition, they may be elim-
inated from the market in some hours because of their bid
being too high in price or amount. The profit for a Genco
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will be the difference between its accepted bidding selling
price and its operational cost.

Gencos can sell their outputs to different markets:
energy market or ancillary service markets (such as
reserve market and reactive power market). So the Gen-
cos must devise a good bidding strategy in these markets
to obtain the maximum profit. Usually, the bidding strat-
egies of Gencos are based on their opponents’ bidding
behavior, the forecasted demand, the required spinning
reserve and, last but not least, the power system operating
conditions.

There are two types of methods for developing bidding
strategies in electricity markets: game based and non-game
based methods. The game based method, which will be
used in this article, utilizes game theory to simulate the bid-
ding behaviors of Gencos and develop Nash equilibrium
bidding strategies for them in electricity markets [1]. The
game based method can be classified in the following cate-
gories [1,2]:
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(a) Complete and incomplete information.
(b) Cooperative and non-cooperative game.
(c) Perfect and imperfect information.

Incomplete information gaming can be transferred to a
complete game with imperfect information [1]. Ref. [3]
has used a complete information model and presented a
methodology to design an optimal bidding strategy for a
generator according to its degree of risk aversion, the fore-
casted price and the probability distributions of errors in
the forecasted price for each hour of a day. With the fore-
casted price, profit maximization was performed to find the
optimal value of production, and consequently, the bidding
curve was obtained. Ref. [4] extended the proposed meth-
ods in Refs. [1,2] to establish a more general approach,
which is appropriate for Gencos’ optimal bidding strategies
with incomplete information while taking into account
transmission constraints.

In Ref. [5], the bidding problem was modeled as a bi-
level problem by assuming complete information on a Gen-
co’s opponents. The ISO’s market clearing problem was
modeled as a non-linear optimal power flow problem,
and a Newton approach was employed to solve it. A
method to predict the optimal energy production of a
power producer in an oligopoly energy market was pre-
sented in Ref. [6], but the model did not consider the tech-
nical constraints of the generation companies.

Ref. [7] described the PJM (Penn–Jersey–Maryland) spin-
ning reserve market. In Ref. [7], a descriptive overview of the
PJM spinning reserve market and a list of the PJM spinning
reserve market rules can be found. In Ref. [8], two general
forms of reserve market are introduced. These two forms
depend on whether reserve payments are made for actual
power delivered or for power that is merely reserved.

This paper presents a method for developing the Gen-
co’s optimal bidding strategies in energy and TMSR mar-
kets. In this paper, the bidding strategy problem is
formulated as a bi-level problem in which the upper level
sub-problem maximizes the Genco’s payoffs, and the lower
level sub-problem solves the ISO’s market clearing prob-
lem. The algorithm used to solve the ISO’s objective func-
tion is based on the Lagrangian method.

The main contributions of this paper are as follows: (i)
Develop optimal bidding strategies for Gencos in energy
and TMSR markets and not only the energy market as
most research on the subject focuses, (ii) Complete techno-
economical modeling of Gencos and transmission systems.

This paper is organized as follows. The basic concepts of
game theory are given in Section 2. Section 3 describes the
problem formulation, and the proposed solution methods
are debated in Section 4. Section 5 gives an illustrative exam-
ple with three Gencos, and Section 6 provides the conclusion.

2. Basic concepts of game theory

Generally, the strategic behavior of generating compa-
nies falls into the category of game theory problems. There-
fore, it is necessary to review the basic concepts of game
theory and Nash equilibrium definition.

Game theory is the study of multi-person or multi-firm
decision making problems. In the field of industrial organi-
zation in economics, game theory is used extensively to
study auction behavior, bargaining, principal–agent rela-
tionships, product differentiation and strategic behavior
by firms. There are three main mathematical models or
forms used in the study of games, the strategic form, the
extensive form and the coalitional form [9]. These
approaches differ in the amount of detail on the play of
the game built into the model. The history of electricity
markets shows that their behavior is near to the strategic
form [10]. Therefore, this section explains the basic con-
cepts of this form.

The strategic (or normal) form representation of a game
includes three components [11]:

• The set of players, i 2 {1, . . . ,n}, in the game, which is
assumed finite.

• The pure strategy space, Si, which contains the individ-
ual strategies available to player i (sij), where sij is an
arbitrary strategy and

• the payoff function ui : S! R(real set) for each player
i is also defined, where S = S1 · S2 · � � � · Sn is the
Cartesian set of all sets (Si).

In game theory, the most commonly encountered solu-
tion concept is Nash equilibrium. A strategy is a Nash
equilibrium strategy for a player if that player will decrease
its payoff if it deviates from its Nash equilibrium strategy,
assuming all other players continue to play their existing
strategies. As a result, a Nash equilibrium point is a ‘‘best
response’’, in the sense that no player has an incentive to
deviate from its strategy choice, given all other player’s
strategy choices. Definition 1 gives a formal definition of
Nash equilibrium.

Definition 1. In the n player strategic form game, the
profile strategies ðs�1; . . . ; s�nÞ are a Nash equilibrium if, for
each player i, s�i 2 Si is player i’s best response to the
strategies specified for the other (n � 1) players (its
opponents), s��i ¼ ðs�1; . . . ; s�i�1; s

�
iþ1; . . . ; s�nÞ, such that

uiðs�i ; s��iÞP uiðsij; s��iÞ, for every feasible strategy sij 2 Si

[11].
3. Problem formulation

3.1. Estimating opponents unknown information

Generally, the Gencos do not have access to complete
information of their opponents, so it is necessary for a
Genco to model its opponents’ unknown information to
predict their behavior in the market.

If it is supposed that all Gencos own only thermal units,
the most important parameters for Gencos will be the coef-
ficients of the second order generating cost function as
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Fig. 1. Equilibrium models and predicted degree of competition [9].
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aP2 + bP + c where P is the active power output of a gen-
erating unit.

The available information to Gencos about their oppo-
nents is incomplete, and it is supposed that they are only
aware of the minimum and maximum generation levels of
their opponents as well as their fuels type.

Ref. [12] has presented a method to obtain the fuel cost
of a generator as a quadratic function of its active power
generation. This function is expressed as

F ðP Þ ¼ aP 2 þ bP þ c ð1Þ
In this function, F(P) is measured in MJ/h or MBtu/h,

so considering the higher heating value (HHV) of fuels
and the fuels price (in $/m3 or $/l), F(P) is obtained in $.
So the fuel price must be forecasted for future time to
obtain the fuel cost. We can define several scenarios with
definite probabilities for the fuel price, so the different types
for the a, b and c coefficients will result.

The total cost of operation includes the fuel cost, the
cost of labor, supplies and maintenance. These costs,
except the fuel cost, are expressed as a fixed percentage
of the fuel cost. So the total generation cost can be
expressed by aP2 + bP + c where a, b and c include a, b
and c plus some percentage due to the cost of labor, main-
tenance and supplies.
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Fig. 2. Gencos bid curve for generator j in the energy market.
3.2. Genco’s bids in energy market

In a power market, Gencos may prepare their strategic
bids according to the four known models in imperfect com-
petition, i.e. some firms (the strategic players) are able to
influence the market price through their actions. These
models are the Bertrand, Cournot, Stackelberg and supply
function equilibrium (SFE) models [11].

In the Bertrand model, Gencos compete with each other
using prices as strategy choices, and in perfect competition,
they bid at their marginal cost at their Nash equilibrium
point.

In the classic model of Cournot, Gencos compete
against each other using quantities as strategy choices. In
this model, the Genco’s products are assumed to be homo-
geneous; demand is price responsive; and the market clear-
ing price (MCP) is the intersection of the aggregated supply
and market demand curves. The Stackelberg model is sim-
ilar to the Cournot model. However, the competitors do
not offer their output quantities simultaneously. The so
called ‘‘leader’’ will make the first move, which is followed
by that of followers who take into account the leader’s
action [10].

In the SFE model, Gencos compete with each other
through the simultaneous choice of supply functions.
Klemperer and Meyer developed the SFE model in order
to model competition in the presence of demand uncer-
tainty. The SFE model was used by Green and Newbery
for analyzing the competitive strategic bidding in electricity
markets [11].
Fig. 1 illustrates where the intensity of competition pre-
dicted by the basic formulation of each of the models
places them along the competitive spectrum.

Among these models, it is only the SFE model that
enables a Genco to link its bidding price with the bidding
quantity of its product, and only this model is the closest
to the actual behavior of players in the actual power
market.

Let us suppose that the Gencos are requested to submit
a piece wise quantity-price curve like the one shown in
Fig. 2 for each generator to the ISO for the energy market.
Accordingly, for the jth generator, the Gencos would
devise their own bid segments according to the linear sup-
ply function [4]:

qji ¼ kj �MCji ¼ kj � ð2ajP ji þ bjÞ ð2Þ

where i is bid block; qji is the bidding price for the ith block
of generator j; kj is the bidding strategy of generator j; MCji

is the marginal cost for the ith block of generator j with sec-
ond order generation cost function as Cji ¼ CðP jiÞ ¼ ajP 2

jiþ
bjP ji þ cj; and aj, bj and cj are generation cost coefficients.

The bid pairs submitted to the markets are

ðP j1 � P min; qj1Þ; ðP j2 � P j1; qj2Þ; and ðP j3 � P j2; qj3Þ

In the multi-block case, the Gencos have to deal with
more decision variables such as the number of blocks, a
bidding strategy for each block and the amount of power
for each block. To simplify the problem, it is assumed that
the number of blocks for each Genco is equal to three. So
each Genco deals with four independent variables. These
variables are: kj,Pj1,Pj2,Pj3.



Generation (MW) 

maxR
jP

R
jρ

Pr
ic

e 
($

/M
W

h)
 

minR
jP

Fig. 3. Gencos bid curve for generator j in the reserve market.

S. Soleymani et al. / Energy Conversion and Management 48 (2007) 2044–2052 2047
Naturally, the amount of Pj3 should be equal to the total
capacity of the jth generator, but some Gencos may with-
hold part of their whole capacity to sell the remaining
capacity in the other markets, such as the TMSR market.
Therefore, it is critical for a Genco to make a good decision
about sharing its total capacity among the energy and
other markets. In this paper, it is supposed that a Genco’s
bid curve in TMSR market is a single block case as shown
in Fig. 3.

In this figure, qR
j , P R min

j and P R max
j are the bidding price,

minimum and maximum offered quantities, respectively,
for generator j in the reserve market.

3.3. Market clearing model

In the restructured power systems, the Gencos will sub-
mit bid curves to the ISO. Then, the ISO clears the market
after collecting all bids. In the ISO’s market clearing model,
the ISO dispatches generating units in order of lowest to
highest bid as needed to meet demand with considering net-
work constraints.

Once the energy market is cleared, each generating unit
will be paid according to the pricing mechanism of the mar-
ket. Generally, there are two pricing mechanisms: uniform
and pay as bid [13].

Definition 2 (Uniform clearing price (UCP)). Under the
uniform pricing structure, the bid price of the last unit
dispatched sets the market clearing price, and then, all units
dispatched receive the same market clearing price (MCP).

Definition 3 (Pay as bid pricing). Under the pay as bid
pricing structure, every winning generating unit gets its
bid price as its income.

Therefore, a Genco’s payoff will be different based on
the pricing mechanism, which affects the bidding strategies
of the Gencos. In this paper, it is supposed that the market
structure is based on uniform pricing. Therefore, all win-
ning Gencos get the MCP as their income.

3.4. General forms of a reserve market

In competitive electricity markets, Gencos sell electricity
in the energy market and sell spinning and non-spinning
reserve in the reserve markets. The reserve payment mech-
anism can be made in two scenarios: payment for power
delivered and payment for reserve allocated [8].
In the first scenario, a generator, which sells a portion of
its power as reserve is paid the reserve price only if the
reserve power is actually used. The reserve price is usually
higher than the energy price. In this case, a generator
receives a profit on sales of reserve only for the time periods
when the reserve actually needs to be generated. The gener-
ator receives zero payment if the reserve is not called.

Therefore, the obtained profit of generator j in the
energy and TMSR markets will be expressed as follows:

pj ¼MCPE � P awarded
j þ r �MCPR � P awarded

jR

� ð1� rÞ � ðaj � ðP awarded
j Þ2 þ bj � P awarded

j þ cjÞ
� rðajðP awarded

j þ P awarded
jR Þ2 þ bjðP awarded

j þ P awarded
jR Þ þ cjÞ

ð3Þ

where pj is the obtained profit in the energy and TMSR
markets; MCPE and MCPR are the market clearing price
(MCP) of the energy and reserve markets, respectively;
P awarded

j , P awarded
jR are the awarded generation of generator j

in the energy and reserve markets, respectively; r is the
probability of calling reserve power; and aj, bj, cj are the
coefficients of the generating cost function.

In the second scenario, a generator receives the price per
unit of reserve power during the time period that the
reserve is allocated and not used. If the reserve is used, then
the generator receives the spot price for the reserve power
that is generated. In this case, the price of reserve will be
much lower than the spot price of power, but it should
be high enough so that the generator expects an overall
long term profit; otherwise, no reserve would be offered
for sale [8].

Therefore, the obtained profit of generator j in the
energy and TMSR markets in this case will be expressed
as follows:

pj ¼MCPE � P awarded
j þ ð1� rÞ �MCPR � P awarded

jR

þ r �MCPE � P awarded
jR � ð1� rÞ � ðaj � ðP awarded

j Þ2

þ bj � P awarded
j þ cjÞ � r � ðajðP awarded

j þ P awarded
jR Þ2

þ bj � ðP awarded
j þ P awarded

jR Þ þ cjÞ ð4Þ

where the parameters are the same as described in Eq. (3).

4. Problem solution

As the energy and TMSR markets operate simulta-
neously, this section proposes two methods for developing
bidding strategies of the Gencos in two markets:

A: Combined energy and reserve markets.
B: Separate energy and reserve markets.

4.1. Combined energy and reserve markets

As previously mentioned, the energy and TMSR mar-
kets usually operate simultaneously. Therefore, Gencos
should choose the best bidding strategies in these two
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markets to maximize their profits. In order to reach this
target, they should consider their opponent’s activities
and the power system conditions. Hence, each Genco, in
order to choose the best bidding strategies should solve a
bi-level problem, in which the upper level sub-problem
maximizes the individual Genco’s payoffs and the lower
level sub-problem solves the ISO’s market clearing problem
after modeling the opponent’s behaviors. Each Genco has
knowledge of its own payoffs and generation costs but
could lack such information on the other Gencos. Hence,
they should model their opponents with approximate infor-
mation as described in Section 3.1. In the lower level sub-
problem, the bidding strategies of all Gencos with regard
to network conditions are analyzed to obtain the dis-
patched quantity of each Genco. In this level, where the
reserve payments are for power delivered, the ISO solves
the following co-optimization problem for two markets:

min
XN

j¼1

XBj

b¼1

qjb � P jb þ
XN

j¼1

qR
j � P R

j

s:t: Y h ¼ P G � P D

F min
l 6 F l 6 F max

l

P min
jb 6 P jb 6 P max

jb

P R min
j 6 P R

j 6 P R max
j

P R
j 6 10Rampj

XN

j¼1

P R
j ¼ SR

qR
j 6 qmax

ð5Þ

where N is the number of generators; Bj is the number of
blocks for generator j; qjb is the offered price and quantity
for bth block of generator j; Pjb is the awarded quantity for
the bth block of generator j; qR

j is the bidding price and
quantity of generator j in the TMSR market; P R

j is the
awarded quantity of generator j in the TMSR market; Y
is the network admittance matrix; h is the vector of bus
voltage angles; PG is the vector of active power bus gener-
ation; PD is a constant vector of active power bus loads;
F min

l , F max
l are the lower and upper real power flow limits

on line l, respectively; Fl is the power flow on line l; P min
jb ,

P max
jb are the lower and upper bounds of block b for gener-

ator j, respectively; P R min
j , P R max

j are the lower and upper
levels of reserve quantity, respectively; Rampj

is the ramp
rate of generator j (MW/min); SR is the required amount
of TMSR; and qmax is the cap price of the reserve market.

In Eq. (5), the first equality constraint is the DC power
flow equation, the second constraint is the transmission
line constraint, the third and fourth constraints are the gen-
eration capacity constraints in the energy and TMSR mar-
kets and the last three equalities are the reserve market
constraints.

Besides the MWs dispatched by the generators, the
energy and reserve market clearing prices are the other
results of this optimization problem. Each generator will
receive the market clearing price times its awarded genera-
tion in each market.

After the market clearing stage, the Gencos have knowl-
edge about their obtained profit, and they change their
strategies until their strategies converge to the Nash equi-
librium point. In this step, the Gencos decide on their offers
considering the results of the last iteration as a way of tak-
ing into account the behavior of other opponents. This
stage is composed of two different parts: Modification of
price bidding strategies and modification of the amount
of each power block.

There are two methods for updating a generator’s bid-
ding strategies [4], where, in this paper, the following
method is used:

(a) Set the initial values of kj, Pj1, Pj2 and Pj3 for the
energy market and qR

j , P R min
j and P R max

j for the reserve
market for each generator.

(b) Suppose the bidding strategies of the opponents’ gen-
erators are fixed and update Genco i’s bidding strat-
egies for its units until no unit will change its bidding
strategy.

(c) Repeat (b) to find each Genco’s optimal bidding
strategies in response to their opponents’ bidding
strategies.

(d) Go to (b) and repeat the procedure until no generator
would change its bidding strategy.

This method will converge to the Nash equilibrium
point, which is the solution of the problem and is shown
in Fig. 4.
4.2. Separate energy and reserve markets

As previously mentioned, when Gencos want to maxi-
mize their total payoffs in two markets, they should choose
the best strategies for seven apparently independent vari-
ables, namely kj, Pj1, Pj2, Pj3, qR

j , P R min
j and P R max

j . It is
obvious that the large number of variables will lead to a
complicated problem, and due to the non-linearity of the
problem, the solution of the optimization problem may
not be the global solution. If the number of independent
variables is reduced, then it can be possible to simplify
the problem and speed up convergence of the algorithm.
Therefore, this section proposes a new method for solving
this complexity.

Usually, an ISO buys the required TMSR from the dis-
patched Gencos in the energy market. Therefore, Gencos
should try to win in the energy market to have the chance
to participate in the reserve market. On the other hand,
since the reserve is not called most of the time (hopefully!),
the obtained profit in the energy market is much more
observable and important than that in the reserve market
[8]. With regard to these conditions, the following method
is proposed to find the optimal bidding strategies of Gen-
cos in two markets:
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Table 1
LSEs’ information

LSE L1 L2 L3

MW 175 180 200
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1. Find the Nash equilibrium point for the bidding strate-
gies of Gencos in the energy market without considering
the reserve market.

2. Allocate the remaining capacity of the Gencos for bid-
ding in the reserve market.

3. Find the Nash equilibrium bidding strategies of the
Gencos in the TMSR market.

The remaining capacity, if any, can be used for the other
ancillary service markets such as the reactive power
market.

The solution method, which is used for iterations 1 and
3 is the same as the algorithm shown in Fig. 4, but the mar-
ket clearing model is different from Eq. (5). Based on the
proposed method, appropriate models for market clearing
in iterations 1 and 3 are expressed in Eqs. (6) and (7),
respectively.

min
XN

j¼1

XBj

b¼1

qjbP jb

s:t: Y h ¼ P G � P D

F min
l 6 F l 6 F max

l

P min
jb 6 P jb 6 Cj

ð6Þ

min
XN

j¼1

qR
j � P R

j

s:t: P R min
j 6 P R

j 6 P R max
j

P R
j 6 10Rampj

XN

j¼1

P R
j ¼ SR ð7Þ

qR
j 6 qmax

In Eq. (6), Cj is the nominal capacity of generator j, and
in Eq. (7), P R max

j is the difference between the nominal
capacity of generator j and its awarded quantity in the
energy market. The other parameters are the same as those
in Eq. (5).

These game problems may have only one Nash equilib-
rium point, multiple Nash equilibria. The upper limit con-
sidered for the bidding strategy (such as k) of the Gencos
may also be an affecting factor in multiple Nash equilibria.
The computational requirement for the proposed algo-
rithm will increase with the number of Gencos. Meanwhile,
a Genco may speed up the convergence of the algorithm by
providing a good estimate for the initial bidding strategy.

5. Numerical example

The WSCC 9 bus system (Fig. 5) is used to illustrate the
implementation of the proposed method for a typical
power system. There are three units, and each unit is sup-
posed as a Genco. The information on the load service enti-
ties (LSEs) and the network is shown in Tables 1 and 2,
respectively. It is supposed that the Gencos can predict
the exact fuel price, hence, one generation cost structure
is defined in Table 3.

In the following case studies, we suppose that the bid-
ding strategy of the Gencos varies between 1 and 2.5 times
of its marginal cost to exhibit how expected payoff and
reserve payment values are affected by the strategies
adopted by the Gencos for participation in two markets.
Also, it is assumed that the reserve payment mechanism



Table 2
Transmission network data

Line From bus To bus R (pu) X (Pu) Limit (MW)

1 1 4 0 0.0576 250
2 4 5 0.017 0.092 250
3 5 6 0.039 0.17 150
4 3 6 0 0.0586 300
5 6 7 0.0119 0.1008 150
6 7 8 0.0085 0.072 250
7 8 2 0 0.0625 250
8 8 9 0.032 0.161 250
9 9 4 0.01 0.085 250

Table 3
Cost coefficients of Gencos

Genco a b c Pmin (MW) Pmax (MW) Iramp

(MW/min)

1 0.11 5 150 10 250 6
2 0.085 1.2 600 10 300 6
3 0.1225 1 335 10 270 6

Table 6
Marginal cost of Gencos correspond to the awarded energy and the energy
market clearing price

Price bidding ($/MW h) MCP
($/
MW h)

Genco1 Genco2 Genco3

Unconstrained network model 7.2 52.2 65.6 65.6
Constrained network model 42.84 35.2 48.98 48.98
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is based on the payment for power delivered. All case stud-
ies are calculated considering 110 ($/MW) for the TMSR
market cap price. The required amount of TMSR is equal
to 20% of the total demand with the probability of 0.005
for called and generated reserve power.

Case 1 In this case, Gencos bid at their marginal cost in
the energy market, and their price bidding in the
TMSR market is equal to the cap price. The ISO
clears the energy and TMSR markets using uncon-
strained security unconstrained (transmission lines
have no flow limit) and constrained economic dis-
patch Eq. (5). Tables 4 and 5 show the expected
payoff, generation dispatch and TMSR dispatch
of the Gencos. This case will be used to compare
other cases.
Table 4
MW dispatched and total payoff in the energy and TMSR markets
without network constraints

Genco1 Genco2 Genco3

Expected payoff ($) 463.1 11,094 8205.9
MW dispatched in energy market 10 300 263.8
MW dispatched in TMSR market 37 37 37

Table 5
MW dispatched and total payoff in the energy and TMSR markets with
network constraints

Genco1 Genco2 Genco3

Expected payoff ($) 4340.1 5722.1 4540.3
MW dispatched in energy market 172 200 196
MW dispatched in TMSR market 37 37 37
The marginal cost of the Gencos corresponding to
their awarded generation and the MCPs are shown
in Table 6 for the unconstrained and constrained
network models. As shown in these tables, Genco
3 is the marginal unit (which sets the MCP).
Because of the higher amounts of the a and b coef-
ficients of Genco 1 than the others, Genco 1 has a
small share in this market.

Case 2 In this case, the Gencos use the method introduced
in Section 4.2 for calculating their optimal bidding
strategies in the energy and TMSR markets. The
optimal bidding strategy, the optimal amount of
power for the blocks and the MWs dispatched in
the energy market are shown in Tables 7 and 8.
Based on the dispatched MWs in the energy mar-
ket, the offered quantities for the TMSR market
is determined, and the Gencos use the described
model in Section 4.2 to produce their optimal bid-
ding strategy in the TMSR market. The offered
quantities, the awarded quantities and the optimal
bidding strategies for the TMSR markets are
shown in Tables 9 and 10. With regard to the
knowledge of all Gencos about the cap price of
TMSR market, it is reasonable that they bid at
the cap price.
The expected pay off of the Gencos is shown in
Table 11 for the unconstrained and constrained
network models.
Table 7
Optimal bidding strategies, optimal amount of power for blocks and the
MWs dispatched in the energy market without network constraints

Bidding strategy (k) P1 P2 P3 MW dispatched

Genco1 1.1628 80 160 250 175
Genco2 1.02 100 200 – 200
Genco3 1 100 180 270 180

Table 8
Optimal bidding strategies, optimal amount of power for blocks and the
MWs dispatched in the energy market with network constraints

Bidding strategy (k) P1 P2 P3 MW dispatched

Genco1 1 80 160 – 160
Genco2 1.04 100 220 300 220
Genco3 1 100 180 270 183.2



Table 9
The offered and awarded quantity and the optimal bidding strategies in the
tmsr market without network constraints

Offered quantity
(MW)

Awarded quantity
(MW)

Price bidding
($)

Genco1 75 37 Cap price
Genco2 100 37 Cap price
Genco3 90 37 Cap price

Table 12
Optimal quantity for energy and TMSR markets considering network
constraints

r Optimal P3

(MW)
Awarded quantity in TMSR
market (MW)

Expected pay
off ($)

0.05 160 41.2 7822.1
300 41.2 10,868.3
270 28.6 9601.8

0.1 160 41.2 7822.1
300 41.2 10,868.3
270 28.6 9601.8

0.2 160 41.2 7822.1
300 41.2 10,868.3
270 28.6 9601.8

0.3 150 46.5 8650.5
300 46.5 11,964.3
270 18 10,046.5

0.4 150 46.5 8650.5
300 46.5 11,964.3
270 18 10,046.5

0.5 150 37 9094.1
300 37 13,236.8
240 37 10,969.8

0.6 150 37 9452.5
300 37 13,567.7
240 37 11,322.8

0.7 150 37 9810.9
300 37 13,898.7
240 37 11,675.8

0.8 150 37 10,169.3
300 37 14,229.6
240 37 12,028.8

0.9 150 37 10,527.8
300 37 14,560.5
240 37 12,381.8

1 150 37 10,886.2
300 37 14,891.4
240 37 12,734.9

Table 10
The offered and awarded quantity and the optimal bidding strategies with
network constraints

Offered quantity
(MW)

Awarded quantity
(MW)

Price bidding
($)

Genco1 90 37 Cap price
Genco2 80 37 Cap price
Genco3 86.8 37 Cap price

Table 11
The total expected pay off of Gencos in two markets

Genco1 Genco2 Genco3

Unconstrained network model 7833.5 12,230 8374.2
Constrained network model 7640 10,697.9 8410.6
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As shown in Tables 9 and 10, the awarded quanti-
ties of the Gencos in the TMSR market are
adjusted with the ramp rate constraint of the Gen-
cos. The comparison between the results of this
case and the ones in case 1 (see Tables 4, 5 and
11) shows that it is profitable for the Gencos to
bid strategically rather than to bid at their marginal
cost.

Case 3 In this case, we perform a sensitivity analysis on the
probability of calling reserve. As previously men-
tioned, the low amount of r (the probability that
the reserve power is called and generated) was an
important factor for optimizing the strategies of
Gencos in the reserve market after determining
their optimal strategies in the energy market (the
proposed method). So it is obvious that when r is
near 1.0, it may be profitable for Gencos to change
their strategies from the Nash equilibrium in the
energy market and allocate a larger amount of
quantity for the reserve market. The results of case
2 show that because of enough remaining capacity
from the Nash equilibrium point for all the Gencos
to sell power in the TMSR market (Tables 9 and
10), it is not profitable for them to change their
strategies. So, in order to show this sensitivity anal-
ysis, the LSEs are increased to 1.1 times the previ-
ous amounts. In this condition, when a Genco
withholds its capacity, the share amount of their
opponents in the energy market is increased, and
then, its share in providing reserve will be increased
and more benefit may be obtained when the calling
probability increases. Therefore, in this case, the
Gencos change the strategies of the seven appar-
ently independent variables simultaneously and
use the model described in Section 4.1 to obtain
the Nash equilibrium points.

In this case, the probability r is varied between 0.05 and
1. Table 12 shows the optimal allocated quantity (P3) for
the energy market and the awarded quantity in the TMSR
market considering the network constraints. Each cell in
this table shows these quantities for Gencos 1, 2 and 3.
For example, the values of the third row and second column
of Table 12 are 160, 300 and 270. These values are the opti-
mal allocated quantity for Gencos 1, 2 and 3, respectively,
when r is equal to 0.1. As shown in this table, when r is lower
than 0.3, the optimal allocated quantity for the two markets
is identical to the corresponding amount of Table 8, and
when r is greater than 0.3, the optimal energy quantity
bidding is different from the Nash equilibrium quantity in
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the energy market without considering the TMSR market.
So, the proposed method in Section 4.2 is valid for the
power systems whose probability of calling reserve is less
than 0.3 (the results in case 2 and 3 are identical). If we sup-
pose or hope that the power systems have good enough reli-
ability, the proposed method in Section 4.2 will be suitable
for Gencos in different power systems with regard to their
rules.

6. Conclusions

The history of electricity markets shows that these mar-
kets are not fully competitive. The finite number of power
suppliers, the lack of enough transmission capacity, etc.
are some reasons of this lack of achievement. So, each
Genco or player in these markets should be able to choose
a good bidding strategy in order to maximize its profit.
Each Genco can obtain its desired profit by having a
share in different markets such as the energy and ancillary
service markets. Among the different ancillary service
markets, the spinning reserve market has the most interde-
pendence with the energy market, and they are dealt with
simultaneously.

In this paper, a new approach is proposed for presenting
the optimal bidding strategy of Gencos in the energy and
TMSR markets. In this condition, Gencos should share
their total capacity for two markets so as to maximize their
profits. The difficulty of making good decisions about the
behavior of Gencos in both the energy and TMSR markets
is faced through a sequential solution based on the proba-
bility of calling reserve. Also, the proposed method is based
on the behavior of participants while considering the ISO’s
objective function. The WSCC nine bus system is employed
to illustrate the proposed method. The method can be
implemented for determination of the market equilibrium
points as well as a method for Gencos to present their bid-
ding strategies. Market power monitoring is another appli-
cation of the proposed method, and it can be easily
extended to more complicated networks.
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